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1

Introduction

In the last years, the part of functional analysis which contributes to the
solution of analytical problems using various techniques from the theory of lo-
cally convex spaces gained a lot of strength from new developments in topics
which are related to category theory and homological algebra. In particular,
progress about the derived projective limit functor (which measures the ob-
stacle against the construction of a global solution of a problem from local
solutions) and the splitting theory for Fréchet and more general spaces (which
is concerned with the existence of solution operators) allowed new applications
for instance to problems about partial differential or convolution operators.

The connection between homological algebra and the theory of locally con-
vex spaces had been established by V.P. Palamodov [50] in 1969. He pointed
out that a number of classical themes from functional analysis can be viewed
as exactness problems in appropriate categories and thus can be investigated
with the aid of derived functors. After developing suitable variants of tools
from category theory he constructed the derivatives of a fairly wide class of
functors and proved concrete representations, characterizations and relations
for several functors acting on the category of locally convex spaces, like the
completion, duality or Hom-functors. A major role in these investigations was
played by the projective limit functor assigning to a countable projective limit
of locally convex spaces its projective limit. A very detailed study of this func-
tor was given by Palamodov in [49].

Starting in the eighties, D. Vogt reinvented and further developed large
parts of these results in [62] (which never had been published) and [61, 63, 64,
65] with a strong emphasis on the functional analytic aspects and avoiding
most of the homological tools. He thus paved the way to many new applica-
tions of functional analytic techniques. Since then, the results (in particular
about the projective limit functor) have been improved to such an extent that
they now constitute a powerful tool for solving analytical problems.

The aims of this treatise are to present these tools in a closed form, and on
the other hand to contribute to the solution of problems which were left open
in Palamodov’s work [50, §12]. We try to balance between the homological
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2 1 Introduction

viewpoint, which often illuminates functional analytic results, and techniques
from the theory of locally convex spaces, which are easier accessible for the
typical reader we have in mind. Therefore we assume a good familiarity with
functional analysis as presented e.g. in the books of Bonet and Pérez-Carreras
[51], Jarchow [36], K6the [39], or Meise and Vogt [45]. Except for some exam-
ples we will not need anything beyond these text books. On the other hand,
no knowledge about homological algebra is presumed. Chapter 2 reviews the
definitions and results (including some ideas for the proofs) that will be used
in the sequel. This is only a small portion of the material presented and needed
in Palamodov’s work. Readers who are interested in the relation of topological
vector spaces to more sophisticated concepts of category theorey may consult
the articles [52, 53] of F. Prosmans.

The key notions in chapter 2 are that of short exact sequences in suitable
categories (for instance, in the category of locally convex spaces

0—x-y 970

is an exact sequence if f is a topological embedding onto the kernel of g which
is a quotient map) and the notion of an additive functor which transforms
an object X into an object F(X) and a morphism f : X — Y into a mor-
phism F(X) — F(Y). The derived functors are used to measure the lack of
exactness of the complex

F(f) F(g)
— —

0 — F(X) F(Y) F(Z)—0.
If the values F'(X) are abelian groups or even vector spaces then exactness
of the sequence means that F(f) is injective, its image is the kernel of F(g),
and F(g) is surjective. For example, if E is a fixed locally convex space and
F assigns to every locally convex space X the vector space Hom(E, X) of
continuous linear maps and to f : X — Y the map T +— f o T, then the
exactness of the sequence above means that each operator T: E — Z =Y/X
has a lifting T : E — Y.

If the functor F' has reasonable properties, one can construct derived func-
tors F'* such that every exact sequence

0 — X —=Y —272—0
is transformed into an exact sequence
0— F(X)—FY)—F(Z) — F{(X) — FY(Y) — ...
Then F'(X) = 0 means that
0 —F(X)—FY)—F(Z) —0

is always exact.
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Chapter 3 develops the theory of the countable projective limit functor
starting in 3.1 with a “naive” definition of the category of projective spectra
where the objects X = (X,,,0i,,) consist of linear spaces X,, and linear
spectral maps oj, , 1, and the morphisms f = (f, : X;, — Y3, )nen consist of
linear maps commuting with the spectral maps. This definition differs from
the one given by Palamodov but has the advantage of being very simple. The
functor Proj (which is also denoted by lim in the literature) then assigns to a
spectrum X its projective limit

X =Proj&X = {(xn)nEN € H X QZJrl(anrl) = mn}
neN

and to a morphism f the linear map Proj(f) : (xn)neny — (fn(zn))nen. If we
consider the “steps” X,, as the local parts of X and we are concerned with
the problem whether a given map f* : X — Y is surjective, we can try to
solve the problem locally which requires to find a morphism f with surjective
components f, : X,, — Y, such that f* = Proj(f), and then we can hope
to conclude the surjectivity of f* which requires knowledge about Proj!.#
where # is the spectrum consisting of the kernels ker f;,.

After presenting the homological features of this functor and comparing
its applicability with Palamodov’s original definition, we give in section 3.2
a variety of characterizations and sufficient conditions for Proj'X = 0. The
unifying theme of all these results is the Mittag-Leffler procedure: one seeks
for corrections in the kernels of the local solutions which force the corrected
solutions to converge to a global solution. If the steps of the spectrum are
Fréchet spaces this idea leads to a characterization of Proj'X = 0 due to
Palamodov. We present three proofs of this which stress different aspects and
suggest variations in several directions. One of the proofs reduces the result
to the classical Schauder lemma which is a version of the open mapping the-
orem. It is this proof which easily generalizes to a theorem of Palamodov and
Retakh [50, 54] about Proj'X = 0 for spectra consisting of (LB)-spaces and
clarifies the role of the two conditions appearing in that theorem: the first is
the continuity and the second is the density required for the Mittag-Leffler
procedure. Knowing this, it is very surprising that in many cases the theorem
remains true without the first assumption. The argument behind is again a
version of the Schauder lemma (even a very simple one). This trick tastes a
bit like lifting oneself by the own bootstraps, but in our case it works. After
discussing this circle of results with an emphasis on spectra consisting of (LS)-
spaces, we consider in section 3.3 topological consequences (like barrelledness
conditions and quasinormability) for a projective limit if some representing
spectrum satisfies Proj'!X = 0, and we solve one of Palamodov’s questions
about Proj considered as a functor with locally convex spaces as values: the
algebraic property Proj'X = 0 does not imply topological exactness in gen-
eral, but it does indeed under an additional assumption which is satisfied in
all situations which appear in analysis.
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Section 3.4 contains some applications of the results obtained in 3.2 and
3.3. We start with some very classical situations like the Mittag-Leffler the-
orem or the surjectivity of 9 on €°°(£2) for open set 2 C C. The tech-
niques based on the projective limit functor nicely separate the two aspects
of the standard proofs into a local and a global part. We also give a proof
of Hérmander’s characterization of surjective partial differential operators on
2'(§2) and finally explain results of Braun, Meise, Langenbruch, and Vogt
about partial differential operators on spaces of ultradifferentiable functions.

Encouraged by the results of chapter 3 and the simple observation that
every complete locally convex space is the limit of a projective spectrum of
Banach spaces (which is countable only for Fréchet spaces), we investigate
in chapter 4 the homological behaviour of arbitrary projective limits. In a
different context, this functor has been investigated e.g. by C.U. Jensen [37].
In section 4.1 the algebraic properties are developed similarly as in 3.1 for
the countable case, and we present Mitchell’s [47] generalization of the almost
trivial fact that Proj*X = 0 for k > 2 and countable spectra: if X' consists of
at most R,, objects (in our case linear spaces) then Proj*X = 0 for k > n+2.

Before we consider spectra of locally convex spaces, we insert a short sec-
tion about the completion functor with a result of Palamodov and a variant
due to D. Wigner [72] who observed a relation between the completion functor
and the derivatives of the projective limit functor which is presented in 4.3.
Besides this, we prove a generalization of Palamodov’s theorem about reduced
spectra X' of Fréchet spaces in the spirit of Mitchell’s result mentioned above:
if X consists of at most N,, spaces then Proij = 0 holds for kK > n + 1.
This seems to be the best possible result: using ideas of Schmerbeck [55],
we show that under the continuum hypothesis (in view of the result above
this set-theoretic assumptions appears naturally) the canonical representing
spectrum of the space ¢ of finite sequences endowed with the strongest lo-
cally convex topology satisfies Proj*X = 0 for k > 2 but Proj*X # 0. The
same holds for all complete separable (DF)-spaces satisfying the “dual den-
sity condition” of Bierstedt and Bonet [6] (this is the only place where we use
arguments of [51] which do not belong to the standard material presented in
books about locally convex spaces). These negative results lead to a negative
answer to another of Palamodov’s questions. The essence of chapter 4 is that
the first derived projective limit functor for uncountable spectra hardly van-
ishes (we know essentially only one non-trivial example given in 4.1) and that
this theory is much less suitable for functional analytic applications than in
the countable case.

In chapter 5 the derivatives Ext*(E,-) of the functors Hom(E,-) are in-
troduced, and we explain the connection to lifting, extension, and splitting
properties (it is this last property which is used to find solution operators in
applications). We show that for a Fréchet space X there is a close relation be-
tween Extk(E, X) and Proj*# for a suitable spectrum % and use this to give
a simplified proof of the fact that Ext*(E, X) = 0 for all k > 1 whenever E is
a complete (DF)-space and X is a Fréchet space and one of them is nuclear
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(this may serve as a guide for the case of two Fréchet spaces considered in 5.2).
The rest of section 5.1 is devoted to a conjecture of Palamodov that under the
same assumptions for E and X also Ext”(X, E) = 0 holds. The only Fréchet
space X for which we can provide some information is X = w = KY. For this
case, we could show jointly with L. Frerick that Ext'(w, E) = 0 for “most”
(DF)-spaces. On the other hand, the negative results of chapter 4 eventually
lead to ExtQ(w, ©) # 0 at least under the continuum hypothesis.

In 5.2 we present Vogt’s [63] arguments which led to a fairly complete
characterization of Ext'(FE, F) for pairs of Fréchet spaces in [29]. We deduce
from the splitting theorem the most important results about the structure of
nuclear Fréchet spaces (which are due to Vogt [59] and Vogt and Wagner [67])
to compare these with results in 5.3 about splitting in the category of (PLS)-
spaces (in particular, spaces of distributions). We first present very recent
results of P. Domanski and Vogt [24, 25] about the structure of complemented
subspaces of 2’ (with only minor modifications of their proof, but having the
aesthetical advantage of staying in the category of (PLS)-spaces) and deduce
from this an improvement of their result about Extp; ¢(E, F) = 0 which shows
that 2’ plays exactly the same role for splitting in the category of (PLS)-
spaces as s does for nuclear Fréchet spaces. This has immediate applications
for the splitting of distributional complexes.

In the sixth chapter about inductive limits we explain the relation to the
projective limit functor which gives several characterizations of acyclic (LF)-
spaces. We provide a very short proof for the completeness of these spaces
and show that for (LF)-spaces acyclicity is equivalent to many regularity con-
ditions of the inductive limit. Because of the close connection to projective
spectra of (LB)-spaces and in view of existing literature about inductive lim-
its (in particular the book of Bonet and Pérez-Carreras [51]) this discussion
is rather short. The rest of the chapter is devoted to questions of Palam-
odov whether inductive limits of complete locally convex spaces are always
complete and regular. We provide positive answers under a very weak extra
assumption.

The final chapter is devoted to the duality functor assigning to a locally
convex space its strong dual and to a continuous linear map the transposed
operator. For an exact sequence

0—x-y 970

of locally convex spaces neither f! nor g* need be open onto its range.

This “lack of openness” is measured by the derived functors D (X) and
D1(X), respectively. We derive this characterization from the homological def-
initions and provide a quite simple proof of a result due to Palamodov [50],
Merzon [46], and Bonet and S. Dierolf [8] characterizing the quasinormable
Fréchet spaces by D!(X) = 0 and a lifting property for bounded sets, where
again the Schauder lemma plays the main role. Moreover, we show that be-
yond the class of Fréchet spaces quasinormability is not sufficient for vanishing
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of DF nor of D! (we suspect that these answers to further questions of Palam-
odov were probably known to many people for quite a while). We finish with
a surprisingly general positive result about the (topological) exactness of

0— 2z, L v, L xy o,

where the strict Mackey condition (which is dual to quasinormability) enters
the game, and apply this to projective limits of (LB)-spaces.

As we said above, a good portion of this treatise (in particular chapter
4 and partly 5.1, 6, and 7) is motivated by the list of unsolved problems in
Palamodov’s work. These parts are probably much less important for appli-
cations than other parts. But one should keep in mind that the efforts for
searching counterexamples led to several positive results which allow applica-
tions.

In this work we touch various fields of the theory of locally convex spaces
which have quite a long tradition. It would have been expedient or even nec-
essary to explain the background of many results with much more care. I
refrained from really trying to do so because this would have changed the
character of this work and because there are many people who are much bet-
ter qualified for this.
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Notions from homological algebra

In this chapter we recall very briefly some definitions and basic results from
category theory and homological algebra. For a reader who is unfamiliar with
these notions it might be helpful to translate the abstract definitions into
concrete ones e.g. for the category of vector spaces.

2.1 Derived Functors

An additive category £ consists of a class of objects and abelian groups
Hom(X,Y') of morphisms for each pair of objects (the group operation is al-
ways denoted by + and the neutral element by 0) together with a composition

o:Hom(Y, Z) x Hom(X,Y) — Hom(X, Z) which is associative and dis-
tributive, i.e. (f +g)oh = foh+gohand fo(g+h) = fog+ foh.
Moreover it is assumed that for each object X there is idx € Hom(X, X)
with idx o f = f and foidx = f, and that there is an object 0 with
|Hom(X,0)| = [Hom(0, X)| = 1 for all objects X.

The symbols f: X — Y, X 7, Y,Y < X all mean that X and Y are
objects of the category under considerations and f € Hom(X,Y).

f:+ X — Y is a monomorphism (epimorphism, respectively) if fog =0
(ho f =0) implies g = 0 (h = 0). f is called bimorphism if both conditions
hold, and an isomorphism if there is ¢ : ¥ — X with f og = idy and
go f=1idx.

A kernel of f: X — Y is a monomorphism ker f k. X with fok=0
and the universal property that f oj = 0 for some j : Z — X implies the
existence of a (unique) 7 : Z — kerf with j = k o }. Dually, a cokernel of
f is an epimorphism Y —— coker f which is universal with respect to the
condition co f = 0, i.e. go f = 0 for some ¢ : Y — Z implies ¢ = goc
for a unique ¢ : coker f — Z. Obviously, two kernels k : kerf — X and
k:K — X are isomorphic, i.e. there is an isomorphism j : kerf — K with
ko j = k and the same applies to cokernels. We will therefore often speak
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8 2 Notions from homological algebra

about the kernel (cokernel) of a morphism if we mean some and it is clear
that each has the property under consideration (which always follows from
the isomorphy). Moreover, we will sometimes call the object kerf (coker f)
the kernel (cokernel) of f.

An image i :imf — Y of f : X — Y is a kernel of the cokernel of f
and a coimage q : X — coim f is a cokernel of the kernel of f.

If f has an image and a coimage then there is a unique morphism f :
coim f — im f such that

coimf ——— imf

commutes, i.e. io foq = f. f is called a homomorphism if f is an isomor-
phism (which does not depend on the choice of the image and coimage). It
is easy to check that a kernel or a cokernel of a morphism is automatically a
homomorphism.

An additive category £ is called semi-abelian if every morphism f has a
kernel and a cokernel and the induced morphism f as above is a bimorphism.
Moreover, it is assumed that for each pair (X7, Xs3) of objects there exists
a product, i.e. an object P and morphisms 7; : P — X, such that for all
g; + Y — X there is a unique g : ¥ — P with g; = m; o g. If in addition,
every morphism is a homomorphism ¢ is called abelian.

An object I of a semi-abelian category ¢ is injective if for every f :
X — I and every monohomomorphism 7 : X — Y there is an “extension”
f:Y — I with foi= f. An object P is projective if for every f: P — X
and every epihomomorphism ¢ : ¥ — X there is a “lifting” f P — Y
with g o f = f. The category is said to have many injective objects if for
every object X there are an injective object I and a monohomomorphism

1: X — I. A sequence ... — X oy Sz s called complex if
go f =0. The complex is called acyclic at Y if the image of f is the kernel of
g (as we have said above, this means that every image of f is a kernel of g)
and left exact (or right exact or exact) at Y if in addition f (or g or both) is
a homomorphism.

A co- (or contra-) variant functor F' from a category ¢ to another category
&/ is arule (depending on the underlying set theory one might also say a map)
assigning to each object X of £ an object F(X) of & and to each morphism
f: X — Y amorphism f* = F(f) : F(X) — F(Y) (f« : F(Y) - F(X),
respectively) such that F(fog) = F(f)o F(g) (F(fog) = F(g)o F(f)). The
following definitions are given for covariant functors only, the modifications
needed for contravariant functors are obvious. F is called additive if # and &/
are additive categories and F(f+g) = F(f)+F(g) holdsforall f,g: X — Y.
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In that case, complexes

f

— Xy Sz

are transformed into complexes
s FX) L Ry S F(2) —

Derived functors are used to study which exact complexes remain exact when
the functor is applied.

Let J# be a semiabelian category and F' a covariant additive functor from
& to an abelian category /. F is called injective if it transforms exact
complexes

0—x-Lv 2z

(this means that the complex is exact at X and Y) into exact complexes

0— F(X) L5 Fy) 2 F(2).

Equivalently, F' is injective if it transforms the kernel of every homomorphism
g : Y — Z into the kernel of ¢g*. F' is called semi-injective if exact complexes

0—x-Ly
are transformed into exact complexes

0— F(X) L Py,
i.e. monohomomorphisms are transformed into monohomomorphisms.
Let now . be a semi-abelian category with many injective objects. Then
every object X has an injective resolution

I 0—X-Sh-n 50—

i.e. an exact complex with injective objects Iy, I1,... Such an injective res-
olution can be constructed inductively, starting with a monohomomorphism
i : X — Iy, then choosing a monohomomorphism jg : coker i — I;, and so
on. If I is a covariant semi-injective functor from J# to an abelian category
&, the derived functors are defined as the cohomology of the complex

(31

1 1
0 F(I)) —— F(I,) —— F(I;) —— ...,

this is FO(X) = ker (i) and F¥(X) = coker (im i} , — ker i}) (if o is
the category of abelian groups one gets F*(X) = ker i} /im i _, which looks
more familiar).

Moreover, F*(X) = coker (F(X) — ker i) is called the additional
derived functor (which vanishes if F is an injective functor).
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The derivatives do not depend on the injective resolution chosen for X.
Indeed, if
0— X L) 2% 2
is another injective resolution then there are f,, : I,, — J, and g,, : J,, — I,

(which are canonically constructed using the injectivity of J,, and I,,) such
that

0 - X I I

fo| |90 fillo

0 X Ji J1

is a commutative diagram from which one obtains that the cohomologies co-
incide. If
0—x-Lyv-4z—o0

is an exact complex (i.e. exact at all positions X, Y, and Z, we will also
say exact or short exact sequence to such a complex) we can choose injective
resolutions (1), (J), and (K) for X, Y, and Z such that there is a commutative
diagram with exact rows and columns

0 0 0
0 x4 .y 9 .4 0
i J k
0 A R A R - 0
10 Jo ko
0 T L B A TS - 0
11 Ji k1
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(starting with Iy and Ky one can take Jy = Iy X K| to obtain the second row,
and then the following rows are constructed inductively).
Applying the functor F' then gives the commutative diagram in &/

0 0 0

0 Fx) L py) Lt pz)
- i+ .

0 F(ly) L0 F(3y) e F(i) —— 0
i ji %

0 F(h) e Py 2 PRy —— 0
iy Ji k1

where all rows but the first one are exact. In all cases where we will apply
this construction o is the category of vector spaces. Then one can construct
by “diagram chasing” connecting morphisms §* : F¥(Z) — FF1(X) in a
canonical way. For instance, for z € FO(Z) = ker k§ there is y € F(Jy) with
95 (y) = z. Since j§(y) € ker g7 = im f; there is x € F(I) with j§(y) = f(z)
and i} (x) = 0 because

f50ii(x) = ji o fi(z) =j1 oji(x) =0 and f5 is injective.

We define 6°(z) = z + imij € F1(X). It is a matter of straightforward cal-
culations to check that this definition is independent of the choice of x, that
§°: F9(Z) — F1(X) is linear, and that

50

FUY) — F*(Z) — FY(X) — F'(Y)

is exact at F°(Z) and F*(X). These are, in a nutshell, the arguments leading
to the fundamental theorem of this chapter.

Theorem 2.1.1 Let # be a semi-abelian category with man injective objects
and F a covariant semi-injective functor from J& to an abelian category < .

If
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0—x-Ly-Lz o
18 an exact complex in JE then there is an exact complex in of

0 — FO(X) — FO(Y) — F°(2) 2% FY(X) —

61

— FYY) — FY(2) > F*(X) — ...

By the definition of F'", there are also exact sequences
0 — F(X) — FY(X) — FT(X) — 0.

In addition to the long cohomology sequence of the theorem above, Palamodov
obtained a kind of connecting exact sequence involving F'T(X). We will not
use this less canonical sequence. Instead, we will give simple direct proofs in
the particular situations occurring in chapters 3 and 7.

Let us note however that F*(Z) = 0 in the situation of 2.1.1 holds if Y is
an injective object. This follows again by diagram chasing from the diagram
preceding 2.1.1 since for injective Y the middle column of that diagram is
exact.

Let us finish this notational section by translating the homological defini-
tions for the category of vector spaces (over a fixed field) as objects and linear
maps as morphisms. Of course, the composition of morphisms is the usual
composition of maps and the group operation on Hom(X,Y") is the addition
(f+9)(x) = f(z) + g(z). A linear map f : X — Y is a monomorphism
(epimorphism) iff it is injective (surjective), its kernel is the embedding of
f71({0}) into X, and the cokernel is the quotient map Y — Y/f(X). Every
morphism is a homomorphism and a complex

x Ly 2z

is exact at Y iff f(X) = ¢g~1({0}) holds. Finally, every object is injective as
well as projective which is easily seen using Hamel bases.



2.2 The category of locally convex spaces

The category LCS consists of (not necessarily Hausdorff) locally convex spaces
(L.c.s.) over the same scalar field K € {R, C} as objects and continuous linear
maps (operators) as morphisms. Sometimes Hom(X,Y') is also denoted by
L(X,Y) and the group structure is the usual addition of operators.

Throughout this work, we will use the standard terminology from the
theory of locally convex spaces as e.g. in [36, 39, 51], in particular, for a
locally convex spaces X we denote by %(X) the filter basis of absolutely
convex neighbourhoods of 0 and by Z(X) the family of all absolutely convex
bounded sets.

f: X — Y is a monomorphism (epimorphism) iff it is injective (surjec-
tive). Note that this would be different if we considered only Hausdorff l.c.s.,
then every f with dense range would be an epimorphism. Although the cat-
egory of Hausdorff l.c.s might look more natural at the first sight it is worse
than £CS because there are much less homomorphisms (each homomorphism
in the category of separated l.c.s. has closed range).

In LCS, the kernel of f : X — Y is the identical map f~'({0}) —
X, z — x where f~1({0}) is endowed with the topology induced by X,
and ¢ : Y — Y/f(X) is the cokernel of f, where Y/f(X) is endowed with
the quotient topology. Accordingly, X/f~1({0}) is the coimage of f and the
subspace f(X) of Y is the image (as we did here, we will use terminology from
homological algebra and the theory of locally convex spaces a bit loosely as
long as there is no danger of misunderstanding). f is a homomorphism if and
only if it is open onto its range. All this would be the same in the category of
topological vector spaces. The fundamental difference is the presence of many
injective objects in LCS which follows from the Hahn-Banach theorem.

Theorem 2.2.1 The category of locally convex spaces is semi-abelian and has
many injective objects.

Proof. Let us first show that for each set M the Banach space

37 = {(@)ienr € KMt [|(z)ienm oo = sup |zi| < oo}
ieM
is an injective object of LCS. If f : X — (57 is a morphism and j: X — Y
is a monohomomorphism (i.e. a topological embedding) there is U € %4(X)
such that f; € U° for all i € M, where f; : X — K is the composition
of f with the projection onto the i-th component. If V' € %4(Y) satisfies
VNj(X) C j(U) the Hahn-Banach theorem gives f; € VO with f0j = fi.
Then f(y) = (fi(y))ieM defines an extension f:Y — 055 of f.
Next, we observe that every l.c.s. endowed with the coarsest topology is
injective and that the product of injective objects in £LCS is again injective.

——x
If now X is any l.c.s. we endow {0} with the coarsest topology. Let
Y = X/{0} be the associated separated space of X. Given U € %4, (Y’), there
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is a canonical map py : Y — {3, y — (¢(y))pecve which is well-defined
(since U is absorbant) and obviously continuous. Since Y is separated we
obtain a monohomomorphism p : Y —  [[  £g%, v — (pu(¥))uew ()
Ue(Y)
and finally a monohomomorphism X — WX x T . O
Ue%(Y)

Form the above proof and the fact that separated quotients of Fréchet
(Banach) spaces belong to the same class we obtain that every Fréchet (Ba-
nach) space has an injective resolution consisting of Fréchet (Banach) spaces.
Note however that in the category .% of Fréchet spaces cokernels of morphisms
f: X — Y are different from those in LCS. The cokernel in .% is the quotient
map Y — Y/f(X). This difference is not visible as long as one considers
exact complexes. A complex

0o—x- vy 9z o0

is exact in % iff it is exact in LCS iff it is exact in the category of vector
spaces (the latter condition is called algebraic exactness), which follows from
the open mapping theorem.

Contrary to the existence of injective objects in LCS there are only very
few projective objects. Answering problem [50, §12.1] of Palamodov, V.A.
Geiler [30] proved that direct sums of the field are the only projective ob-
jects. This contrasts the simple fact that the space ¢! of absolutely summable
sequences is projective in the category of Banach spaces.

In the category of locally convex spaces, a complex

OHXLYLZHO

is acyclic iff it is algebraically exact. To measure the “lack of openness” of
f and g, Palamodov introduced contravariant functors Hjy; (where M is any
set) from L£CS to the category of vector spaces: Hp (X) = Hom(X, £57) where
£57 is the Banach space defined in the proof of 2.2.1 and f : X — Y is
transformed into f* : Hy(Y) — Hpy(X), T — T o f. The value of these
functors comes from the following result.

Theorem 2.2.2 Let X 5V %% Z be a complex in LCS. The following
conditions are equivalent.

1. im f is dense in ker g and g is a homomorphism.
2. For each set M the complex

g* f*
Hy(Z) — Hu(Y) — Hu(X)
is exact (in the category of vector spaces).
the complex in 2. is exact for some set M whose cardinality is larger than
that of (coimg)’.

co
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Proof. If the first condition is satisfied we consider for some set M the com-
plex in 2. Let S € Hpy(Y) be given with f*(S) = So f = 0. We denote
by S; the composition of S with the projection onto the i-the component of
£33. Since S is continuous there is U € 24 (Y) with S; € U° for all i € M.
Moreover, S; € (im f)° = (im f)° = (ker g)°, hence

ti :im g — K, g(y) — Si(y)

is a well defined linear map. If V' € %4 (Z) satisfies VNim g C g(U) we obtain
t; € (im gNV)° and we can use the Hahn-Banach theorem to find extensions
T; € V° with Tiliyy, g = ti- Then T(z) = (T;(2))iem defines an element of
Hpy(Z) with g*(T) =T og=S.

If the third condition holds we first note that the complexes in 2 are exact
for all smaller sets. Taking a set M with one element we obtain that

Z/ g_t> Y/ f_t> X/

is (algebraically) exact which is equivalent to im f being dense in ker g again
by the Hahn-Banach theorem.

Let now U = U € % (Y) be given and set M = (U +im f)° = (U +ker g)°
which can be identified with a subset of (coim g)’. Then

S(y) = (96 (Y))pem = (#(¥))pem

defines an element of Hj/(Y) with f*(S5) = 0. Hence there is T' = (Ty,) e €
Hy(Z) with ¢g*(T) = S. Choosing V' € % (Z) with T, € V° for all ¢ we
obtain for ¢ € M and y € ¢~'(V) that |o(y)| = |S,(v)| = [Tx(9(y))| < 1,
i.e. (U+im f)° C g7 1(V)° and thus g~ }(V) C (U +im f)°° C 2U +im f. This
yields V Nim g C g(2U + im f) = g(2U), hence ¢ is open onto its range. O



3

The projective limit functor for countable
spectra

This chapter is the core these notes. The characterizations of Proj!2" = 0
obtained in 3.2 and 3.3 have many applications in analysis (some of them are
presented in 3.4) and are used to study other functors in chapters 5, 6, and 7.

3.1 Projective limits of linear spaces

The way we introduce countable spectra and the projective limit functor dif-
fers from Palamodov’s definition [49, 50] which has certain advantages but is
a bit technical. Our naive approach is very simple but on the other hand it
requires some arrangements in applications which are explained below.

Definition 3.1.1 A projective spectrum 2 is a sequence (Xp)nen of linear
spaces (over the same scalar field) together with linear maps ot : Xy — X,
for n < m such that o = idx, and of o 0% = oF, for k < n < m. For two
spectra X = (Xp,0,) and ¥ = (Y,,00) a morphism f = (fp)nen : 2 —
% consists of linear maps fn : X,, — Yy, such that f, o o, = o™ o f, for
n < m, i.e. the diagram

Jm

X m }/m

1s commutative. The sum and composition of two morphisms are defined in
the obvious way by adding and composing the components of the morphisms,
respectively.

Proposition 3.1.2 The class of projective spectra and morphisms forms an
abelian category which has sufficiently many injective objects.

J. Wengenroth: LNM 1810, pp. 17-57, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Proof. It is very easy to see that the category is additive and that for
a morphism f = (fu)neny : Z° — % we have a kernel i = (in)nen :
(ker fp)nen — 2, where i, : ker f, — X, is the kernel of f,, and a
cokernel ¢ = (qn)n : % — (coker f,)nen, where g, : Y,, — coker f,, is the
cokernel of f,. Moreover, it is immediate that every morphism is a homomor-
phism since this is so in the category of linear spaces.

Let us show that for every sequence (X, )n,en of linear spaces the cor-

n
responding free spectrum .# = (I, 7)) is injective, where I, = [[ Xx
=1

k
and 7 : I, — I, is the canonical projection. Let & = (Y,,,0},) and
% = (Z,,0) be two spectra, f = (fu)nen : ¥ — Z a morphism and
i = (in)nen : ¢ — Z a monomorphism. We have the following commuta-
tive diagram (in which we first ignore the dotted arrows)

Vi h - X,
.'4
it -
f1
Z
05 a3 5
Zy
i e
'x
1/2 > X1 X X2 —_— X2
fo )

where g2 : X1 x Xo — Xp is the projection. Let ]71 : Z1 — X1 be an
extension of f; and f2 an extension of f7 = g o fo. Defining

E:(ﬁoaéag)iz2—>X1XX2

we get an extension of f; such that the extended diagram remains commuta-
tive. Continuing in that way we construct an extension f = (f,)nen : & —
S of f. If finally 2" = (X,, 0F,) is any spectrum and .# is the correspond-
ing free spectrum we have a monomorphism i = (i )nen : £ — &, where

Iy = (Q;agia7gz) =

Definition 3.1.3 For a spectrum 2 = (X, oll,) we set

Proj 2" = {(xn)neN € [l Xn:oh(vm) =y, foralln < m}7
neN
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and for a morphism f = (fn)nen : £ — ¥ we define
Proj f : Proj 2" — Proj % by (xn)nen — (fnTn)nen-

Moreover, 9" : Proj Z — X,, denotes the projection onto the n-th compo-
nent.

Note that Proj f is a well-defined linear map since f is a morphism, and that
Proj 2 is the kernel of the map

U= W.% : H Xn I H Xn7 (xn)n = (ﬁn - Qz+lxn+l)n€N~
neN neN

With these definitions, Proj is a functor acting on the category of projective
spectra with values in the category of linear spaces, and this functor is easily
seen to be injective. Since the category of projective spectra has many injec-
tive objects the derived functors Proj®2" can be defined by the homological
construction described in chapter 2. Using the injective objects constructed
in the proof of 3.1.2 we find an explicit description of Proj* 2 .

Theorem 3.1.4 Let 2" = (zp, 0),) be a projective spectrum. Then

Proj’2 = Proj 2, Proj*2 =0 for k> 2, and

Proj' 2 = (HXn) /imy,

neN
where W ((zn)n) = (@5 — QZH(»%H))neN'

Proof. Let ¥ = (H?:l X;,my,) be the free spectrum corresponding to the
sequence (X, )neny and i = (ip)nen @ 2 — . the monomorphism defined

n—1
by in = (0L,...,0") as in the proof of 3.1.2. We set & = ( [ X;, "), where
j=1

gl are again the canonical projections, and k = (kp)nen : & — ', where
kn(21,...,00) = (1 — 0372, ..., Zn_1 — 0" 'a,). Then k is an epimorphism
and )

00— s 00— ..

is an injective resolution of 2. We therefore obtain Proj®2 = ker(Proj k),
Proj' 2 = Proj.# /im (Projk), and Proj™2 = 0 for m > 2. On the other
hand,
T: PI"Oj I — HNXn, (-Tjn)jgn = (xnn)neN
ne

is an isomorphism which maps ker(Proj k) onto Proj 2", and

S :Projt — [] Xn, (Tjn)j<n — (Tnnt1)nen
neN

is an isomorphism which maps the image of Proj k onto the image of . O
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It is immediate from the definition that a short exact sequence
0—Z —¥% —2Z—0

of projective spectra consists of short exact sequences of linear spaces such
that the following diagrams are commutative:

0 - X, - Y, > Zn >0

T

oO— X, — Y, — 2, — 0.

The next corollary is clear from theorem 2.1.1, and it indicates the typical
situation of applications. If one wants to avoid the homological tools and
defines instead Proj'.2" by the formula in 3.1.4 one can easily give a direct
proof by diagram chasing.

Corollary 3.1.5 Let 0 — 2~ Jow 9 % 0 be ashort exact sequence
of projective spectra. Then there is an exact sequence

0 — Proj & — Proj% — Proj &

i>Proj1% — Proj'% — Proj'% — 0.

To explain the difference between Palamodov’s terminology and the way
we defined projective spectra, we use:

Definition 3.1.6 Two spectra 2" = (X, 0") and % = (Y,,0l) are equiva-
lent if there are increasing sequences (k(n))nen and (I(n))nen of natural num-
bers with n < l(n) < k(n) < l(n+ 1) and linear maps a, : Xpmy — Yim),

(n—1) _ _ln)
(n) and om © Bny1 = T1(n+1)’

B Yin) — Xkn-1) such that By, o ay, = QZ
i.e. the following diagram commutes:

Qk(nfl)
k(n
Xin) (n) Xinot) ——> ...
(7% Q1
/677,+1 ﬁn
Yitn+1) o) ~ Yin) D) > Yi(n—1)
Ti(n+1) Ti(n)

Palamodov defined projective spectra as classes of equivalent spectra. The
advantage of this approach is that in many applications the projective limits
are the given objects and there are different ways to construct projective spec-
tra with that limit. To apply the theory we developed here one has to choose
spectra and morphisms carefully to get an exact sequence of projective spectra.
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On the other hand there may be different spectra having a concrete meaning
and thus allow calculations required in the results presented in sections 3.2
and 3.3, but which do not yield exact sequences of spectra in our sense. We will
now show that Proj*.2 is invariant under equivalent spectra (this comes out
of Palamodov’s theory directly) which allows us to use one spectrum to which
our notion of exact sequences applies and a perhaps different but equivalent
one to calculate Proj' % .

Proposition 3.1.7 If Z and % are equivalent projective spectra then we
have Proj®* 2 =~ Proj*# for all k € Ny.

Proof. We first consider the special case where % is a “subsequence” of

&, i.e. for some strictly increasing sequence (k(n))nen of natural numbers
k ;
we have Y, = Xy(), opq = QkEle), a, = QZ(n)’ and 3, = idx,,,. Then

Proj 2" = Proj % is obvious. We will show, that

k(n+1)—1
k(n
T: H Xn ’ H Xk(n)7 (l‘n)nEN = § Qj( )xj
neN neN j=k(n)

neN

induces an isomorphism between Proj'2 and Proj'@. If = (Zn)neny =
(2n — 04 1%n+1)nen € im (Wg) then T'(x) € im (Vs ), since for each n € N

k(n+1)—1 k(n+1)—1 k(n+1)
k(n j k(n k(n
) Qa‘( (% —Gzr) = ) Qj( 'z~ > Qj( 'z
j=k(n) J=k(n) j=k(n)+1

_ _ k(n)
= Zk(n) T Ok(nt1)Pk(n+1)-

This shows that T" induces a linear map T : Proj'2 — Proj'#, which is
surjective since 1" is surjective.

To prove that T' is injective let © = (¥n)nen € [[,cn Xn be given with
T(w) = (vt — 00k Ui sn) ) _, € im (7). For r € N with k(n) < r <

k(n+1)—1
k(n+1) we set 2, := 0y, ) Uk(+) T D2 05 Then 2 — 0712041 = @
Jj=r

which is clear for k(n) < r < k(n+1)—1, and it also holds for r = k(n+1)—1
because of

k(n+2)—1
k(n+1 k(n+1
Or41%r+1 = 0y 41 > o g+ QkEZ+2;yk(n+2)
=h(n+1)

— A7 —
= Orr1Yk(n+1) = 2r — Tp-

Therefore, x € im (Vg ), and this shows that T is injective, hence an isomor-
phism.
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By passing to subsequences of 2" and % we can now reduce the general
case to the particular one where we have linear maps «, : X,, — Y,, and
Bny1 : Yny1 — Xy, with a0 81 = 0,4 and B0 = 0"~ 1. Defining

S H Xn — H Yo, (xn)nEN — (anxn)neN and

neN neN
R: [1Yn — Il Xn, Wn)nen = (Bnt1¥nt1)nen
neN neN

we compute (S0 R)((yn)nen) = (02+1yn+1)neN = (Yn)nen — ¥ ((Yn)nen) and
(R o S)((7n)nen) = (QZ-HIH—H)QEN = (Zn)nen — Y2 ((¥n)nen). This shows
that S induces an isomorphism S : Proj £~ — Proj # and an isomorphism
S :Proj'2 — Proj'&. O

When one investigates the surjectivity of a map g : Y — Z using canonical
projective descriptions Y = Proj% and Z = Proj % it may happen that
% — % is not an epimorphism in our category (i.e. Z, # gn(Ys)) but we
only have 77 (Z,) C gn(Yy) for some m = m(n). This is the case in most of
the examples given in section 3.4 below. Instead of rearranging the spectra to
get an epimorphism it is more convenient to apply the following proposition
which gives surjectivity of g if the kernel spectrum 2" satisfies Proj!.2" = 0.

Proposition 3.1.8 Let g = (gn)nen : % — Z be a morphism between two
spectra W = (Y, o) and & = (Z,, 1)) such that

VneN Im(n)>n 75, (Znm) € gn(Ya).
If & is the kernel of g there is an exact complex
0 — Proj 2" — Proj % — Proj 2 — Proj'2 — Proj'% — Proj'% — 0.

Proof. With k(1) = 1 and k(n + 1) = m(k(n)) we get spectra U =
(Yin), O'k(m)) and & = (9r(n) Yi(n))s Tk((m))) which are equivalent to % and
% respectively, and an epzmorph@sm 9= (Grmn)) : % — % such that

Proj & Proj &
—~— Proig —
Proj ¥ —29, proj #

is commutative (where the vertical arrows are the canonical isomorphisms).
Moreover, the kernels of g and g are equivalent spectra and we thus get the
assertion from 3.1.5 and 3.1.7. O

In Palamodov’s approach, morphisms are equivalence classes of morphisms
in our sense, and an epimorphism is then characterized by having a represen-
tative satisfying the condition of the proposition above. The scope of possible
applications of both theories is therefore the same.
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We will now present Palamodov’s [49] sufficient condition for a spectrum 2~
to satisfy Proj'.2 = 0. This happens if there are complete metrizable group
topologies on the steps such that the linking maps become continuous with
dense range. We will present three proofs of this result. The standard proof
where the surjectivity of the map ¥ is achieved by writing down solutions
as convergent series, a second one which reduces the result to the classical
abstract Mittag-Leffler lemma, and a third one using the Schauder lemma.

Theorem 3.2.1 Let 2" = (X, 0l},) be a projective spectrum and assume that
each X, is endowed with a complete metrizable group topology such that the
spectral maps are continuous and
VneN,U€e%(X,) Im>nVk>m o Xy, Cop X, +U.
Then Proj* 2 = 0.
First Proof. Let (U, n)nen be bases of %(X,,) such that
Un JN+1 +Un JN+1 g UnN and Qnm(Um N) g Un N-

Such bases exist because of the continuity of 4+ on X,, and of g} . Since it is
by 3.1.7 enough to show Proj % =0fora subsequence X we may assume

Ony1Xn+1 C 0n 1 2Xny2 + Uy for all n e N.

Given ¢ = (Zp)neny € [] Xn we set y1 = ya = 0 and choose inductively
neN
Ynt2 € Xnq2 and 2z, € Uy, such that o 1 (Ynt1 — Tny1) = 0o (Ynt2) + 20
The arrangement of the neighbourhoods and the completeness of X,, imply
o0
that r, = > o} (z) converges in X,,, and the continuity of oj: | gives

k=n
n QZJrl(rnJrl) = Zn-
Now we define w,, = , + 0}y | 1 (Yn+1) —n and obtain a solution w = (wy)nen
of ¥(w) = x since
Ont1(Wnt1) = 041 (@n1) + 0542 (Ynt2) — Onya (Tntr)
= QZ+1(ZJn+1) — Zn — QZ+1(Tn+1)
= Qz—i-l(yn-i-l) —Tpn = Wp — Tn-
O
The second (of course similar) proof uses the following version of the clas-
sical Mittag-Leffler lemma for projective spectra of complete metric spaces
(i.e. the objects X,, in definition 3.1.1 are complete metric spaces and the
spectral maps pl, are assumed to be continuous maps).
For a subset A of a metric space (X,d) we denote by U.(A) the neigh-

bourhood {x € X : Ja€ A d(z,a) <e}.
The proof of the following lemma is the same as e.g. in [12, chapter 2, §3].
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Lemma 3.2.2 Let 2" = (X,,00) be a projective spectrum of complete metric
spaces such that

VneN,e>03dm>nVk>m o,,(Xm) CU(0;(Xk)).
ThenVneN e>03Im>n o (Xm) CU(0"(Proj £)).

Second proof of 3.2.1. Given (zp)nen € [[,,cny Xn We define

neN
opi1(y) = 0n1(y) +p and oy, =05 0.0 0:371

There are complete invariant metrics d,, on X,, inducing the group topology

on X, and the hypotheses of 3.2.1 imply those of 3.2.2 which yields that

Proj (X, o%) = {<yn>neN € T1 X0 : 071y (gen) = y}
neN

is not empty, and each of its elements solves y, — oj | | (Yn4+1) = Tn.- O

The preceding proof suggests the interpretation that Proj'2 = 0 holds
if and only if for every (7,)nen € [[,cn Xn the perturbed spectrum 27 =
(Xn,op,) where o | (y) = y + x,, has non-empty projective limit. This view-
point was promoted by G.R. Allan (without mentioning the derived functors
of Proj) in a series of articles [1, 2, 3], where he calls a spectrum 2~ with
Proj!2 = 0 a stable inverse limit sequence.

Our third proof of 3.2.1 uses the Schauder lemma for complete metric
spaces, see e.g. [45, lemma 3.9]. We call a map f : X — Y between metric
spaces uniformly almost open if for each € > 0 there is § > 0 such that
Us (f (z)) C f(Uc () for every x € X.

If X and Y are metric groups and f is a group homomorphism, then f
is uniformly almost open if and only if f(U) is a neighbourhood of the unit
element in Y for each neighbourhood U of the unit element in X.

Schauder Lemma 3.2.3 Let X andY be metric spaces such that X is com-
plete. If a map from X to'Y is uniformly almost open and has closed graph
then it is open.

To apply this and for later purposes we need:

Lemma 3.2.4 Let 2" = (X,,0,) be a projective spectrum, A; C X; arbi-
trary subsets and n < m < k.

1 0" Xy C ol Xe 4+ N (0))"1(A;) holds if and only if

Jj=1

[I {0} > IT X5 S (11 A5 > [T X5) + [1{0} x [I X;.

j<m ji>m i<n j>n i<k >k
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2. T1{0}x Il X; C¥a (Il 4, x [I X;) implies
j<m j>m i<n j>n
0 Xm C 0" (Proj ) + () (2)) " (4)).
j=1
Proof. Suppose that the second condition of 1. holds and let z,, € X,, be

given. Let 2 be the sequence with all components 0 but the m** which is z,,.
Then there is y = (yn)nen € [[ 4; x [ X; with

i<n i>n
~w(y) € [T{0} x [ x5-
Jj<k Jjzk

Hence y; = Q{,H(yjﬂ) for 1 <j <k, j#mandxy, = yYn — o1 (Umt1)-
This gives

O (Tm) = 0 (Ym) — Omy1(YUm+1) = Yn — 0k (Yx)

n

€ r} &1 1 ‘+Qkﬁxw

If the first condition of 1. is satisfied and = = (2;)jen belongs to [];_,,,{0} x

k-1
[;5,, X; we set t = ZQJ x; and find y € ﬂ( 02)71(4;) and z € X}, with

on(t) = y+ op(2). Wlth v=1t-00(2) € Xm we have oI (v) = y and

3

k=1 .
Ty =0v+ 00 (2) — Z o' (z5). With u; = 3 of (21) — 07,(2) this gives
j=m+1 l=j
(0,..., Tmy- vy Tp—1,0,...)
o (b v, .. 0™ 0, Uty Uk—1,—2,0,...) +(0,...,0,2,0,...)
2 (1T A; < TT X5) + T1{0} x [ X;.
Jj<n Jj>n J<k izk
Hence z = (0,...,Zm,...,2x-1,0,...) + (0,..., Tk, Tg+1,...) also belongs to
this set, since [[; {0} x [[;5, X, is a linear space. The proof of the second
part is similar but simpler. O

Third proof of 3.2.1. We set X = [, y(Xn, Z,) where 7, are the given
group topologies on X,, and Y = [], cn(Xn,#5) where ., are the discrete
topologies on X,,. U9 : X — Y has closed graph since it is continuous as
a map X — X and the topology of Y is finer than that of X. Since ¥o is
additive and X and Y are topological groups ¥4 will be uniformly almost
open if we can show that the closure of ¥(U) belongs to % (Y) for each U € U
(X). Given U € %(X) there are n € N and U,, € % (X, ) such that

H sz(Un) X HXj cu.

j<n j>n
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Choosing m > n such that o), X,,, C 0} Xy + U, for all £ > m and applying
the first part of lemma 3.2.4 we obtain

[T{0}x Il X; Cw(U)+ [[{0} x [[X; for all k> m.

j<m j>m i<k >k

The left hand side of this inclusion is a typical 0-neighbourhood of Y and the
intersection of all right hand sides is the closure of ¥(U) in Y.
Hence, ¥ is uniformly almost open and thus open by the Schauder lemma,
i.e. for all U € %(X) there is m € N such that [] {0} x [[ X C ¥4 (V).
j<m j>m
Since [] X; x ][ {0} C ¥4 (X) we obtain that ¥y is surjective. O
j<m j>m
Although this last proof looks more complicated than the others it has
some advantages. It provides a setting in which one can show that in many
cases a condition like in 3.2.1 is also necessary for Proj'.2" = 0, the quantifiers
of theorem 3.2.1 appear quite naturally, and it immediately gives the following
result (which nevertheless can also be proved with 3.2.2).

Theorem 3.2.5 Let 2" = (X,,0) be a projective spectrum consisting of
complete metrizable topological groups and continuous maps such that

VneN,Ue%(X,) dm>2nVk>n o} Xm CopXy+U.
Then¥neN, U e %X, 3Im>n oyXn C 0" (Proj2") +U.

Proof. In the third proof of 3.2.1 we have shown that ¥4 is open. Together
with the second part of 3.2.4 this gives the conclusion. O

We will now show the necessity of conditions like in theorem 3.2.1 for
Proj'2 = 0. The key to such results is the observation that in our third
proof above Y =[], cn(Xn, %) is a complete metric space, hence it has the
Baire property.

Proposition 3.2.6 Let 2" = (X,,00) be a projective spectrum satisfying
Proj'2 = 0 and assume that each X, is the countable union of absolutely
conver sets A, n. Then there is a sequence (N (n))nen € NN such that

VneNIm=nVk>m o} (Xm)Cop(Xe)+ [)(h) ™ (Ajn0)-

Jj=1

Proof. We keep the notation of the third proof of theorem 3.2.1. Since ¥4
is surjective we have

Y =0y ([ Xn) =%ar (|J Ain x [1X0) = |J Zar(Ay x [ Xn).

neN NeN n>2 NeN n>2
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Since Y is a Baire space there is N(1) such that Wo (A niy x [] Xn)
n>2

is not meager in Y. But this set equals ¥4 (A1 y(1) X U A,n x T Xn) =
n>3

U Y2 (A1 na) x A2.n x ][] X,). Hence there is N (2 ) e N such that
NeN n>3

Yo (A1 Na) X Agnez) X [ Xn)
n>3

is not meager. Inductively, we find N(j) € N such that all the sets B,, :=

Yo (I] Ajng) x I X;) are not meager in Y, hence their closures contain
i<n j>n

interior points. Since each B, is absolutely convex and there is a basis of

U (Y') consisting of vector spaces one easily sees that 0 is in the interior of

B,,. Hence for each n € N there exists m € N such that

[T {0} x HX CB,=()(Bn+ [1{0} x HX>

j<m keN i<k

Lemma 3.2.4 gives the conclusion. O

Corollary 3.2.7 Let 2" = (X,,0) be a projective spectrum and F, any
locally convex topology on X,. Then Proj' 2 = 0 implies

VneN,Ue€UXnZp) Im>nVk>m o) (Xn) Cop(Xk) +U.

Combined with 3.2.1 we obtain the following characterization due to Palam-
odov [50, theorem 5.2].

Theorem 3.2.8 For a projective spectrum 2 = (X,,0l) consisting of
Fréchet spaces and continuous linear maps the following conditions are equiv-
alent.

1. Proj'2 =0.
2.¥neN,Ue(X,) Im>nVk>m %X, C ot Xy +U.
3¥neN,Ue%(X,) Im>n o X, Co"(Proj2’) +U.

The next result is due to Retakh [54] and Palamodov [50, theorem 5.4].
Let us recall that a Banach disc is a bounded absolutely convex set which
spans a Banach space.

Theorem 3.2.9 For a projective spectrum 2" = (X, ol,) consisting of sep-
arated (LB)-spaces and continuous linear maps the following conditions are
equivalent.

1. Proj'2 =0.

2. There is a sequence of Banach discs B,, C X,, such that
(@) oy (Bm) C By, forn <m,
B)YneNIm>nVik>m opX, CopXy+ B,.
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3. There is a sequence of Banach discs B, C X,, such that
(o) 0I"(B) C By, forn < m,
(v) VneN3Im>n o1X,, Co"(ProjZ’) + By.

Proof. If B,, C X,, are Banach discs satisfying («) and () the group topolo-
gies 7, having {eB,, : € > 0} as bases of % (X, ) satisfy the hypotheses
of 3.2.1 and 3.2.5. These theorems give the equivalence of 2. and 3. and that
these conditions imply 1. If Proj'.2" = 0 and (Bn,N)Nen are fundamental
sequences of Banach discs in X,,, 3.2.6 implies the existence of a sequence
(N(n))nen of natural numbers such that B, := () (o)~ (B n(;)) satisfy )
j=1
and ). Moreover, these sets are Banach discs which follows from the next
lemma (remember that ol = idx, ). O

Lemma 3.2.10 Let f : X — Y be a continuous linear map between sepa-
rated locally convex spaces and let A C X and B C'Y be Banach discs. Then
f(A)+ B and AN f~1(B) are again Banach discs.

Proof. This follows from the fact that separated quotients and closed sub-
spaces of Banach spaces are again Banach spaces and considering the exact
sequence

0— [ANfY(B)] -= [A4] x [B] L [f(A) + B] — 0

where i(z) = (z,— f(z)) and ¢q(z,y) = f(z) +y. [f(A) + B] is separated since
its unit ball f(A) + B is bounded in X. O

Below, we will present two astonishing improvements of theorem 3.2.9
where the assumption («) which means that the spectral maps are continuous
with respect to the group topologies .7, introduced in the proof of 3.2.9,
can be removed. One could say that in this case a Mittag-Leffler procedure
works without continuity or rather, that the density condition of the Mittag-
Leffler procedure implies continuity. Before giving these theorems we present a
common generalization of the theorems 3.2.8 and 3.2.9 which is due to Frerick,
Kunkle, and the present author [28]. We use the following concept which had
been introduced by de Wilde in connection with closed graph theorems [21].

Definition 3.2.11 A web in a separated locally convex space X is a system
C ={Cos,. .k a1,...,ar € N} of absolutely convex subsets of X with

1. UG, =X,
neN
2. U Cay....ann =Cay,...ap forallk € N, and
neN
8. Y (ar)wen € NV I (ANp)ken € (0, )NV (21)ken € ] Cay,...an

keN

oo
g AkxE converges in X.
k=1
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For o € NN and k € N we will write Calk = Cay,....cn- € i called ordered if
a < (3 implies Cy)1, © Cpii and strict if the scalars A in 3. can be chosen in

such a way that the limits ) Apxp belong to Cyyp for all p.

k=p
We now show that the sequence (Ax)ren can always be taken as A\, = 2~ (k+1)
independently of @ € NV, This could be deduced from results of Valdivia [58]
but we prefer to give an elementary direct proof.

Lemma 3.2.12 Let € be a (strict) web in a separated locally convex space,

o0
o € N¥ and (z)gen € ] Cap- Then Y i xy converges in X (and belongs
keN k=p

to Cyp) for all p € N.

Proof. Since we will not use property 1. of the web it is enough to show
the result for p = 1 (for the general case we consider Cy(;, = Cojpti—1)- Let
(Mk)ken € (0,1)N be such that -, | Agys converges (to an element of Cyy ;) for
all (Yx)k € [Tren Calk- We choose a strictly increasing sequence (Ii)ren € NV
such that Zj>lk 277 < Apg1. Given (2p)ren € [lpeny Capp we define yp, =
)%k S22 x; which belongs to C,; since this set is absolutely convex,
le—1<j<lk
2 € Coy €Oy for j >1Ip 1 >k —1,and Zj>lk71 277 < A
Hence Y7, \pyx converges (to an element of Cy2) and thus the subse-
ln Iy n
quence Y. simx; =1 Y Srw;+3 > Ay of the partial sums converges (to
j=1 j=1 k=1
an element in %0041 + %Oa‘g C Cy)1). Given m € N we choose the maximal
n(m) € N with l,,(,,) < m and set

Tm = Z Qj%xj € )\wz(m)+1ca|n(m)+1~
Ln(m)<j<m
We have to show that r,, tends to 0, which would be obvious if the sequence
n(m) were strictly increasing. However, if (m(k))gen is any subsequence of
the natural numbers there is a further subsequence (m(k(i));en such that
n(m(k(i))) is strictly increasing, hence rp,(r(;)) — 0 as @ — oo. This shows
m — 0. O

Theorem 3.2.13 Let 2" = (X,,0F,) be a projective spectrum consisting of
separated locally convex spaces and continuous linear maps. If each X, has
an ordered web €" = {Cp, : « € NNk € N} the following conditions are
equivalent.

1. Proj'2 =0.
2 3aeNVNVYpneNIm>nVE>m

o Xm C 0p X+ (D) HCI, o)
j=1
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If all webs are strict 1. and 2. are equivalent to

3. 3aceNNVYpneNIm>n
0mXm C 0" (Proj 27) + ﬂ Cyovonn )

Proof. 1. can be derived from 2. as in the ﬁr'st proof of 3.2.1, there the ele-
ments z,, can be taken from 57t () (0},) 7' (CY,,  o,) and thenr, = 37 opz,
i<n k>n
converges in X,, because of 3.2.12. That 2. implies 1. is proved like proposition
3.2.6 (here one uses that the webs are ordered) and 3. follows from 2. as in

3.2.5 since for strict webs €™ the system

{el_[ij ,,,,, Cx J1X;: neN75>0}

i<n j>n
is the basis of a complete metrizable group topology on [[ X,. O
neN

If the steps X,, are (LB)-spaces with fundamental sequences (B, n)neN
of the Banach discs,

@n — {min{a1;-~-7ak}Bn,a1 ck,aq,...a € N}

are a strict ordered webs and 3.2.13 gives 3.2.9.
If the steps X,, are Fréchet spaces with bases {U, n : N € N} of % (X))

the systems
k
" = {ﬂalUn,l ko, ... o eN}

=1

are strict ordered webs and 3.2.13 reduces to theorem 3.2.8.

Now we present a theorem which was proved by Frerick and the author [29]
and (for spectra of (LB)-spaces) independently by Braun and Vogt [19] (both
articles dualized arguments from [69]). The present formulation was noticed
by M. Langenbruch [42].

PBP(X) denotes the set of Banach discs in a locally convex space X.

Theorem 3.2.14 Let 2" = (X,, 0l},) be a projective spectrum consisting of
separated locally convex spaces and continuous linear maps such that

VneNIm>nVk>m 3IBeBDX,) VM e BD(X)
K € 7(Xk) om(M) C 0p(K) + B.
Then Proj' 2 = 0.

The key point of the proof is the following trick which is behind the open
mapping theorem for Banach spaces.
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Lemma 3.2.15 Let X be a separated topological vector space, A a bounded
subset of X, and B C X a Banach disc. Then A C B + %A implies A C 3B.

Proof. Given a € A we choose inductively a,, € A and b, € B such that

1 1 1
a—b1+ al—b1+ (b2+ ag)—b1+ b2+ —ay = =
2 2 4
722n 1 2N an-

The first sum converges in [B] (hence, also in X) to b € 25" C 3B, and
swan tends to 0 in X since A is bounded in X. Thus, a = b € 3B. O

Proof of 3.2.14. By passing to a subsequence of the spectrum we can assume
m = n + 1 in the hypothesis. For each n € N we choose B, € #Z(X,)
according to k = n + 2 and set El = Bj. There is T' € B%(X3) such that
03(By) C 03(T) + By. We set

By = (03)"(B1) N (Ba + 03(T))

which is a Banach disc by 3.2.10 and satisfies p}(Bs) C By.

Since By C Q3(T) + (0})"Y(By) we find for z € B, elements y € 03(T)
and z € (3)"!(By) with # = y + 2. But then z = 2 — y € By which shows
By C By + 02(T). We will now show

VM e B9 (X3) IK € BD(X,) 03(M) C 02(K) + Bo.
Given M € #9(X3) we choose K € B9(X,) such that
A=305(M +T) C 0i(K) + Bz C 0i(K) + Ba + 03(T)

~ 1
C (¢i(K) + B2) + A,

The preceding lemma gives A C 3(p2(K) + Bs), hence we obtain

—_

03(M) C ZAC Gi(K) + Bo.

w

Modifying By, for n > 3 in the same way we construct a sequence En of
Banach discs with o} 1 (B,+41) € B, and

VM e BD(Xn1) 3K € BD(Xpys) 041 (M) C o o(K) + B,
Using a simple induction and o +1(§n+1) C B, we obtain

VM eBDXni1), k>n+2 3K € BAXi) 0 41(M) C 0} (K)+ By
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Since X, 41 is covered by the union of all its Banach discs this implies that the

group topologies induced by En satisfy the hypothesis of 3.2.1 which yields
Projt2 = 0. O

Theorem 3.2.14 remains true if at all places B2(X) is substituted by
any smaller system </ (X) which is stable under continuous linear images,
sums, and scalar multiples, and which covers X, e.g. &/ (X) may consist of all
compact or all weakly compact absolutely convex sets. If 2" is the dual of an
inductive spectrum (i.e. X,, =Y, and o7, = (i™)! for i : Y,, — Y,,) we may
also take the system of weak* compact sets.

To interpret the condition of 3.2.14 let us say that the image of o is dense
in o (X,,) with respect to A (where A is an absolutely convex subset of X, ) if
on (Xm) € of(Xk)+ A (since we can multiply with any € > 0 this is precisely
the density with respect to the group topology on X,, having {¢A : e > 0} as
a basis of the 0-neighbourhood filter). Similarly, we say that the image of g}
is large in o}, (X,,) with respect to A if

VM€ B(Xy) IK € B(Xy) oh(M) C ol (K) + A

(again we get the same for €A instead of A, but this condition is not the
same as gj (X) being a large subspace in the sense of [51, 8.3.22] of o}, (X,,,)
for some topology). With this terminology 3.2.14 says that a spectrum % of
locally complete spaces satisfies Proj!.2" = 0 if

VneNIm>nVk>m op(Xy)islarge in o}, (X,,) with respect
to some bounded subset of X,,.

Tt is not known whether this is still true for spectra of (LB)-spaces if “large”
is replaced by “dense” (in 3.2.18 we prove this for spectra of (LS)-spaces).
The next result from [70] uses a slightly stronger hypothesis, namely that
0" (Proj Z) is dense im o7, (X,,) with respect to some bounded set.

Theorem 3.2.16 Let 2" = (X, 0},) be a projective spectrum consisting of
separated (LB)-spaces and continuous linear maps. Then Proj Y2 =0 if and

only if
VneN3Im>n, B, € B(X,) o0pXm Co"(Proj2 )+ B

Proof. Again, we may assume that m = n+ 1 holds. Let (B, ;)ien be funda-
mental sequences of the Banach discs in X,,. We have

03(B2) C 0 (Proj 27) + By = U 0 “H(Bs,)) + B
IeN

Since Y = [p3(Bs)] is a Banach space there is I3 € N such that
Y n{e" ((¢*)'(Bsu,)) + Bi}

is not meager in Y. But this set equals
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Uy ni{e (%) (Bsa) N (6" (Buy) + Bi},
leN

hence there is [4 € N such that
Y {e" ((6*)  (Bsus) N (") (Ba)) + Bi}
is not meager. Inductively we find ({;);>3 such that
k .
Yn {Ql( ﬂ(Qj)l(Bj,lj)> + 31}
j=3
is not meager for every k > 3 which therefore also holds for the bigger set
k .
vo{a( N Bin)) + 51},
j=3
koo
For k > 3 the sets A} := () (¢},)"'(Bj,,) are Banach discs by 3.2.10 and
j=3

obviously satisfy of,,(A4},,) C A}. Since Y N (0}(A}) + By) is not meager
its closure in Y contains an interior point which can be assumed to be 0 by a
simple convexity argument. Hence there are ¢; € (0,1) with

9
ek0b(B2) €Y N (eh(A]) + B1) C ah(4}) + By + 7 0} (Be)

and lemma 3.2.15 implies

%92 (Bs) C 01(Ay) + By and therefore even
_ ) €
erBa C 0i(Ap) + (03) ' (B1) withej, = Ek

In the same way we find Banach discs A} in X, and €} € (0,1) for k > n+2
such that

1. €an+1 C Qn+1(An) (QZ+1)71(BH) and
2. 9k+1(Ak+1) C A} for all k > n+2.

Setting A% := {0} and replacing A} by A} + ...+ A7 if necessary (which
would not affect 1. and 2.) we additionally have

3. AZ%QAZ forallk >n+2andn € N.

Now we define El = Bj; and inductively

Bur = (gia) " (Bu) N (Bua + €113 (4742)

which are Banach discs again by 3.2.10.
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Proceeding by induction (on n € N) we show that for all n € N and
k> mn 41 there are 0 < 67 <1 with
(%) 01 Bn C By + o} (A7),

This is clear for n = 1 with d} = 1. Suppose we have found for some n € N
constants 0 < 6% < 1 such that (x) holds for all £ > n + 1. We set 6} 7' =
%625,’;. Then 1. and the induction hypothesis yield

n n _n n 1 n - n
5k+1Bn+1 - 5k QkH(Ak) + §(Qn+1) 1(5an)
1 n n 1 n - 53 7 n—
C 5o AR + 5 (e (But oi(47)

Given z € (07,1) ' (Bn + 0f(A?™Y)) there are y € B, and z € A?~* such
that o, (x) = y + 0} (2), hence ,Q?LH(Q: — 0™ (u)) = y € B, which gives

z=x— 0y (2) + o} (2) € (0"1)” Y(B,) + o T (A1), We thus obtain

using 3.

5 Busr © 50 AR + 5 () B) + i AT)

(00 41) " H(Bn) + op T (AR).
Since (52"’_1 < 1 this implies for £ > n + 2

S Brgr € 0f AR + (0041) TN (Ba) N (Braa + o) TH(AR))
C o tH(AY) + By,+1 because of 2.

ﬂ

N

To finish the proof we show that the sequence én satisfies condition () of
theorem 3.2.9. We fix n € N and £ > m = n+ 1. Multiplying the condition in
our assumption by ¢ we obtain

O 11 (Xnt1) C 0"(Proj ) + 67 By, C o (Xk) + By + o (A7)
O

We finish the discussion of the Mittag-Lefller procedure with a result about
spectra consisting of (LS)-spaces, i.e. inductive limits of Banach spaces with
compact inclusions. We will use the following terminology.

Definition 3.2.17 Let 2" = (X,, 0) be a projective spectrum consisting of
locally convex spaces and continuous linear maps.

1. X satisfies (Ps) if
VneNIm>nVk>mIBeB(X,) VMe B(Xy)
IK € B(Xy), S>0 op,(M) € S(0(K) + B).
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2. X is reduced if

VneNdIm>nVk>m o), (Xn) C o (Xk),
the closure taken in the locally convex space X, .

(P3) is a weak variant of a condition (P,) introduced by Vogt [62] (where
the set B should be independent of k). For spectra of regular (LB)-spaces
X, =ind X,, y (Ps) allows a more qualitative formulation:

VneNIm>nVk>m3I NeN o (X,,) Cop(Xi) +Xnn

i.e. o} (Xy) is dense in o)}, (X,,) with respect to X,, n. Necessity of this condi-
tion is clear since X, is covered by the union of its Banach discs and sufficiency
follows from Grothendieck’s factorization theorem.

If each X, is a reflexive (LB)-space with fundamental sequence of the
bounded sets (B, n)nen we denote by

Iyl ~ = sup{[(y,2)| : € Bun}, y € X,

the dual seminorms. In this case one can show with the theorem of bipolars
that (Ps) is equivalent to the following condition (Py)

VneNIm>nVk>mINeNVMeNIKeN, >0

Vye X, llyoomllmar < SUlyooklix+ Iyl

Alternatively, this condition can be formulated with the same quantifiers as
follows: For each y € X/, (1) and (2) imply (3) with

nN)-

W Nyl <1 ) llyoekllix <1 and (3) [ly o el < 5.

These inequalities can be helpful to establish surjectivity results for operators
on projective limits of (LS)-spaces (the last formulation then gives a kind
of Phragmen-Lindel6f condition) because of the following theorem (a version
with (Py) had been proved the first time in [69] with a slightly stronger notion
of reducedness but for the larger class of (DFM)-spaces). The (P;)-version can
also be found in the article of Braun and Vogt [19].

Theorem 3.2.18 Let 2" = (X,,0",) be a projective spectrum consisting of
(LS)-spaces and continuous linear maps. Then the following conditions are
equivalent.

1. Proj'2 =0.

22.VneN3dm>nVk>m 3IBeB(X,) op(Xm)C o (Xy)+ B.
3. X is reduced and satisfies (Ps).

4. YVneNIm>nVk>m 3IBe B(X,) VMe B(Xn)

IK € B(Xk) on(M)Cop(K)+ B.
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Proof. 2. follows from 1. by theorem 3.2.9 and obviously, 2. implies that 2 is
reduced. (Ps3) can be deduced from 2. either by Grothendieck’s factorization
theorem or using directly a Baire argument as in the proof of 3.2.16.

We now show that for reduced spectra of (LB)-spaces (Ps) implies 2. Let
(Bn,n)Nen be fundamental sequences of the bounded sets in X,, and choose
for fixed n € N an m > n as in (P3) and m > m such that o2 (Xz) C of" (X&)
for all kK > m. For k > m there are B € #(X,,) and £j; > 0 such that
em o, (Bm,m) C 0f (Xk)+ By, for all M € N which gives o', (U) C o} (Xr)+B,,

where U = I'( J epBm,m) is a neighbourhood of 0 in the (LB)-space X,,.
MeN
Since 02(X) C op'(Xk) + U we get

07 (X)) C o (0" (Xx) +U) C 0 (Xk) + 0 (Xi) + B = 0, (Xi) + B.

We now prove that 3. implies 4. where we may use 2. For n € N we choose
m > n according to 2. and then m > m according to (P3) for n = m. We fix
k > m. Then there are B € #(X,,) and D € #(X,,) such that

01 (X}) is dense in o2 (Xs) with respect to [D]

and of (Xk) is dense in o), (X,,) with respect to B.

If Ae B(X,,) is such that the inclusion [D] < [A] is compact we claim that
o} (Xy) is large in 02 (X5) with respect to B = B+ o (A). Indeed, given
M € #(X5,) there are K € #(X},) and S > 0 with o2(M) C S(0}(K) + D).
Using the compactness of [D] < [A] we find a finite set F C X,, with SD C
A+ E and since g} (Xy) is dense in o]}, (X,,,) with respect to B there is a finite
set E C X}, such that ¢ (E) C oP'(E) + B. With K = SK + E we obtain
o (M) € op(K) + B.

Finally, 4. implies 1. by theorem 3.2.14. O

Let us note that the implications 1. = 2. = 3. hold for spectra of
separated (LB)-spaces and 3. = 2. holds for spectra of bornological locally
convex spaces. Finally, 3. = 4. is true for spectra consisting of bornological
spaces X, such that for all B € #(X,,) there is D € %(X,,) such that the
inclusion [B] < [D] is compact. Strong duals of complete Schwartz spaces are
of that type.

Let us finally mention that without reducedness neither (P;) nor stronger
variants like (P,) imply that Proj! 2 vanishes as the following example shows
which is inspired by an example in [64].

Example 3.2.19 Let X, be the space s’ of slowly increasing scalar sequences,
ie.

X, =5 = {(aj)jeN eKN:INEN (a7 V)jenis bounded}

which its natural inductive limit topology. These are (LS)-spaces, since the
inclusions are even nuclear.
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Let op, : Xpnt1 — X, be the linear operator which puts a 0 in front of
a sequence, i.e. oy 1 ((a;)jen) = (0,a1,az2,...).

With B = B, = {a € §' : ||a]loc < 1} for all n € N it is easily seen
that the spectrum 2" = (X, o;,) satisfies o} | (Xyn41) C of (Xi) + [B] which
implies (P;) (in a very strong form since B, does not even depend on n,
the quantitative version of this condition was called (P;) in [64, page 18]).
But Proj.2" = {0}, hence Proj'2" # 0 as follows e.g. from condition () in
theorem 3.2.9.

This shows that theorem 2.7 of [64] only holds for reduced (DFS)-spectra.



3.3 Projective limits of locally convex spaces

In the last section we used topological properties of the steps of a projective
spectrum only as a tool for proving results about the algebraic projective limit
functor. Now we will consider Proj as a functor acting on projective spectra
of locally convex spaces with values in the category of locally convex spaces.

A locally convex projective spectrum is an algebraic spectrum consisting
of locally convex spaces and continuous spectral maps. By a morphism we will
then mean an algebraic morphism with continuous components. The projec-
tive limit Proj 2 = {(@n)neny € [[ Xn : 00 (xm) = Tpn, n < m} will always

neN

be endowed with the relative topology of the product. Proj 2 is closed in
[1.cn Xn if all X;, are Hausdorff, and a basis of %(Proj.Z") is given by

{(g")—l(U) ‘neN,Ue %O(Xn)}.
As a functor on locally convex projective spectra Proj is semi-injective: if
0— 2 Lo

is an exact complex with locally convex spectra 2" = (X,,0!,) and ¥ =
(Y,,07) then f = (fn)nen consists of topological embeddings and this easily
implies that Proj (f) : Proj 2" — Proj# is a topological embedding, too.
On the other hand, there are short exact sequences.

0—2 Lo 9w

of locally convex spectra such that Proj(g) : Proj% — Proj % is not a
homomorphism between locally convex spaces (this follows e.g. from the next
theorem, an artificial example is in 3.3.2). To measure this “lack of openness”
Palamodov introduced the functors Pry; = Hj; o Proj acting on the category
of locally convex spectra with values in the category of linear spaces. This
contravariant functor is semi-injective and the additional derived functors
Pri;(%) indicates whether Proj% — Proj & is open onto its range. This
follows from theorem 2.2.2, but the next result contains a simple direct proof
of the fact that for checking whether Proj % — Proj % is a homomorphism
it is enough to do this for the canonical resolution known from section 3.1.
This result has been obtained by Palamodov [50, theorem 5.3] via theorem
2.2.2.

Theorem 3.3.1 Let 2" = (X,,0",) be a locally convexr spectrum. The fol-
lowing conditions are equivalent.

1. Uy : I Xou — [] Xn is open onto its range.
neN neN
2.VneN,Uec%(X,) 3Im>n o (X,) C o"(Proj %) +U.
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3. For every exact sequence
0— % —¥% —Z—0

of locally convex spectra the induced map Proj% — Proj % is open onto
its range.

Proof. If 1. holds and n € N and U € %(X,,) are given we define

V=T1X; xU € %] Xn)
Jj#n neN

Since W4 is open onto its range there is W € 24 ( [[ X,) with WNim ¥4 C
neN
Wq (V). We choose m > n such that W contains [] {0} x [ X;. Given
j<m jzm
T € X, we have

=0, ., 2m,0,...) = Vo (0L (Tm), -, Tm,0,...) € WNIimWTy.

Hence there is v = (vn)neny € V with ¥y (v) = x which gives o (x,) =
0 (Um) — 1 (V1) =t — Oy (0ms1) € U+ 07 (Proj ). Let now 2. be
satisfied and

0 — (Xo df) 2 (Vo) 22 (Z,70) — 0

m

be a short exact sequence of locally convex spectra.
Let U = (o™)~Y(U,,) with U € %(X,,) be a typical neighbourhood of 0 in
Proj#% . We choose m according to n and f, }(U,) and set

Lom) ().

V= (Tm)_l(gm(vm)) where V,,, = 5

We show V Nimg* C ¢g*(U), where g* is the continuous linear map induced
by (gn)nen- Given z = (z;)jen € V Nimg* there are v; € Yj,v,, € V,, and
(yj)jen € Proj# with z; = g;(v;) = g;(y;) for all j € N. Since vy, — Y €
ker g, there is a,, € X,,, with v,, — Yy = fin(am) and because of 2. there are
z = (z;)jen € Proj 2" and u € § £ 1(U,) with ¢ (am) = 2, + u, hence

O (Vm = ym) = o5, (fm(am)) = fa(@p(am)) = fu(@n) + fr(w).
Then 2 = g*(y + /*(2)) = 6" (g5 + £(2))sex) and for j < n

1 1
=0, (Um) — fulu) € §U + §U =U.

This shows z € g*(U). 1. follows from 3. by considering the particular exact
sequence 0 — 2~ — & — % — 0 from the proof of 3.1.4. O
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Let us say ProjT.2" = 0 if one of the conditions in 3.3.1 holds, which is
equivalent to Pri, 2~ = 0 for all sets M (or just some set which is big enough in
the sense of theorem 2.2.2). Comparing 3.3.1 with 3.2.8 we see that for locally
convex spectra 2" consisting for Fréchet spaces, Proj'.2 = 0 if and only if
Proj™ 2 = 0. Of course, this can be deduced also from the open mapping
theorem and the fact that quotients of Fréchet spaces are complete (which
itself follows from an appropriate version of the open mapping theorem).

Palamodov asked whether it is always true for a locally convex spectrum
Z that Proj'2" = 0 implies Proj*.2" = 0 [50, §12.2]. We will show below
that this is indeed true for all spectra whose steps naturally appear in analysis
but not in general as the following result shows.

Example 3.3.2 There are locally convex projective spectra Z  satisfying
Proj'2 =0 and Proj™.2" # 0.

Proof. Let (Yn)neN be a sequence of Banach spaces with Y, 11 C Y}, such that
the inclusions g, : Y;,, — Y,, are continuous and have proper dense range
for m > n. Then % = (Y, o%) satisfies Proj'% = 0 by 3.2.1 and Proj %
is isomorphic to Y = (1, .y Y . Now we set X,, = Y,, but endowed with the
finest locally convex topology. Then 2~ = (X,,, o%,) still satisfies Proj!. 2" = 0
since this is an algebraic property, and we will now show that Projt.2~ # 0.

Let By be a Hamel basis of Y. For each finite set £ C X; and all n € N
we have X,, Z [Bo U E] since otherwise we would have X,,, = X,,+1 for some
m > n which is excluded by our assumptions. Hence we can choose inductively
xn, € X, which is linearly independent of By U {z1,...,2,—1}. We extend
By U {x, : n € N} to a basis B of X; and define a linear functional f on X;
by f(zn) =1and f(b) =0 for b € B\{x, : n € N}. Since X; carries the finest
locally convex topology f is continuous on X; and U = {z € X; : |f(x)] < 1}
is a neighbourhood of 0 in X;. Assuming Proj ™2 = 0 and using theorem
3.3.1 we find m > 1 such that o}, (X,,) C o' (Proj 27)+U, hence X,,, CY +U.
In particular, there are y € Y and v € U with x,, = y + u which implies the
contradiction

L= [f(zm)| = [f(y) + f(w)] = [f(w)] < 1.

O

Theorem 3.3.3 Let & = (X,,0%) be a locally convexr projective spectrum
such that each X, has a strict ordered web. Then Proj'2 = 0 implies
Projt2 =0.

Proof. Let 4" = {Cy, : « € NNk € N} be strict ordered webs in X,.

Theorem 3.2.13 implies that there is a € NN such that for each n € N there
is m € N with

Q%(Xm) g Q PI‘OJ ‘% ﬂ oej, an)

j=1
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We fix n € Nand U € %(X,). Then there are k > n and S > 0 such that
Cq,.....an © SU, since otherwise there would be natural numbers n; < nj4q
and x; € QZ—LC%“M%Z with 2; ¢ U for alll € N contradicting the convergence
of Y72, a; (this is a so-called localization property of webbed spaces). Now,

we choose m according to k. Then
0m(Xm) C 0" (Proj Z') + Cf o, € 0" (Proj 27) + SU

which gives the conclusion by multiplying with S—1. O

Note that according to results of Valdivia [58] every locally complete
webbed space has even a strict ordered web. Moreover, the class of spaces
having a strict ordered web contains the Banach spaces and is stable with
respect to countable inductive and projective limits, sequentially closed sub-
spaces and separated quotients.

Now we investigate linear topological properties of the locally convex space
Proj Z". Obviously, it inherits all properties from the steps which are stable
with respect to countable products and closed subspaces, in particular, Proj Z~
is complete (locally complete, quasi-complete, etc.) or nuclear or Schwartz if
so are all X,,. The situation is very different for barrelledness properties. We
will now present a result of Vogt [62] about projective limits of (LB)-spaces.

Theorem 3.3.4 Let & = (X,,0%) be a locally convexr projective spectrum
consisting of separated (LB)-spaces with Proj Y2 =0. Then Proj 2 is ultra-
bornological.

Proof. According to theorem 3.2.9 there is a sequence of Banach discs B,, C
X, such that o} | (Bn4+1) € By, for all n € N and

(1) VneN3Im>n op(Xn) C 0" (Proj Z) + By.
The proof is divided into several steps. We first show

(2) YneN3Im>nVDeRBIX,) IABD(X,)

o.(D) C AN o (Proj Z)°.

For this end we choose m > n as in (1) and set A = o} (D) + B,, . For each
0 < e <1 we then have

03.(D) € (0" (Proj 2) + 2B, ) 1 g3 (D) € (o (Proj 27) N 4) + .

which implies (2). In what follows we will write A> = (o")~!(A) for any
subset A C X, (it will always be clear from the context to which step A
belongs). Now, we claim

(3) V (Ap)nen € EN%@(Xn) 3 (Dp)nen € ];[N%’@(Xn), (Sp)n € (0,00)N
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n N
Vn<N A;’fgsN<ﬂD;°+ N D;?O).

j=1 j=n+1

The set A = [],,cy A is a Banach disc in [ ], .y X, and since ¥g- is surjective
we can inductively find D,, € Z2(X,,) such that

A]mw%( II on <[] Xn>

n<N n>N

is not meager, hence the closures of these sets in the Banach space [A] contain
0 as an interior point. Using lemma 3.2.15 we find e > 0 such that

n<N n>N

As in lemma 3.2.4 this gives ey A, C ﬂ D+ ﬂ 0"(D5°) which easily
Jj=1 j=n+1
implies (3).
Let now M C Proj 2" be an absolutely convex set which absorbs all Ba-
nach discs. Then we have

(4 IneNVAcHBI(X,) IS>0 A~ CSM.

Assuming the contrary, we find A,, € Z2(X,,) such that A° is not absorbed
by M. We choose D, and Sp according to (3) and claim that there isneN

such that M absorbs ﬂ D%°. Otherwise there would be z, € ﬂ D3° with
Jj=1 Jj=
xn € nM. For n > m we have 9" (z,,) € D,, hence

0" (#n) € Dy i= Dy + T ({0"x; : j < m}) € BD(X,,) for all n € N.

This gives {z, : n € N} C [] D, N Proj 2 which is a Banach disc and
meN
thus it is absorbed by M, a contradiction. The same argument gives some
N

N > n such that [ D is absorbed by M, and since M is absolutely convex

j=n

it absorbs AS® C Sy ( ﬂ Dg° + ﬂ D5°). This contradiction shows (4).
j=n+1
Let now (E,| - ||) be a Banach space and T : Proj 2" — E a linear
operator which is bounded on the Banach discs, hence (4) applies to M =
{z € Proj 2" : | Tz|| < 1}. We choose n according to (4) and then m > n
according to (2). We have

ker " = ﬂ{sA‘X’ 1e>0, A€ %’@(Xn)} - ﬂ eM =kerT,

e>0
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hence there is a unique linear operator T: 0" (Proj ) — E with Too" =T.
For A € Z9(X,,) the set T(ANg"(Proj Z")) is bounded in E since M absorbs
A>°. We can extend T uniquely to a continuous linear operator on

o (Proj £) N A - Xa.

For A C A, these extensions coincide on X 4, hence if Z is the inductive limit
of the family {X4 : A € %} we defined a continuous linear operator

T:Z— FEwithTog"=T.

Now, (2) means that o, : X,, — X,, takes values in Z and is continuous
as an operator X, — Z since X, is ultrabornological. This finally implies
that T'=T o g}, 0 0" is continuous. O

For spectra of (LS)-spaces there is a very different proof of 3.3.4 based
on the duality to be explained in chapter 6. Because of theorems 3.2.18 and
6.4 the strong dual (Proj 27)j is an acyclic (LF)-space with Fréchet-Schwartz
steps which is complete by corollary 6.5 and a Schwartz space (since this
class is stable with respect to inductive limits). This implies that Proj 2" =
(Proj £7)" is ultrabornological.

Let us remark that in the case where all X,, are even Banach spaces
Proj 2 is a Fréchet space, hence ultrabornological independently of whether
Proj!2 =0 or not. To show at least a partial converse of 3.2.4 we will need
another notion.

Definition 3.3.5 A locally convex projective spectrum 2 = (X,,0ol) is
strongly reduced if for every n € N there is m € N such that

0 (Xm) C 0" (Proj Z7).

Before comparing this with the reducedness property defined in 3.2.17 we give
the following result of [62]. As on page 35 we use the dual norms |y|;, y =
Sup,ep, v |W(z)| for y € X, where (By, N)nen is a fundamental sequence of
bounded sets in the (LB)-space X,.

Theorem 3.3.6 If 2" = (X, 0%) is a strongly reduced locally convex spec-
trum of separated (LB)-spaces such that Proj 2" is barrelled, then 2 satisfies

(P5):

VneNIm>n, NeNVEk>m MeNdJKeN, §>0

Vye X, lyoomliar <S(lyoorllix+llullin)

(P5) is clearly stronger than (Py) defined after 3.2.17 where N may depend
on k. Since we deal with dual conditions, it is not surprising that the proof of
3.3.6 uses a bit duality theory. Let us first explain this. For any locally convex
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spectrum 2" = (X,,, o) the dual Y = (Proj 2")" is the union |J (0™)(X}). If
neN
the steps are (LB-spaces), X, endowed with the strong topologies are Fréchet

spaces, hence Y endowed with the finest locally convex topology such that all
(0™)! : X] — Y are continuous is an (LF)-space. However, good results for
(LF)-spaces require injective inductive spectra. We will give quite a few results
about (LF)-spaces in chapter 6 but let us already state one proposition, due
to Vogt [65], which is needed for 3.3.6. The proof is taken from [69].

Proposition 3.3.7 Let Y,, be Fréchet spaces with fundamental sequences
(I In,v)Nen of seminorms and let i : 'Y, — Y, be injective linear con-
tinuous maps with i¥, 0 i™ = i* and i" = idy, such that the inductive limit
Y = indY,, is separated and locally complete. Then

VneNIm>n, NeNVE>m MeNIKeN S>>0V yey,

i yllmr < Sligylles + 1Ylln,v)

Proof. By Grothendieck’s factorization theorem, every bounded set in Y is
contained and bounded in some Y,,. We fix n € N and set

U ={x e, ||z|lnm <1}.

We claim that there is m > n such that 7" (B) is bounded in Y,,, whenever B
is contained in Uy, with i,(B) bounded in Y (where i, : Y,, — Y is the
canonical inclusion). If this were false we could find B,,, C U, ,,, with i,,(B,)

bounded in Y and i7"(B,,) unbounded in Y;,. But B = |J B, is bounded
meN
in Y since for each U € % (Y") there is m with i, (U, ) C U. Hence, there is

m € N such that B is bounded in Y, in contradiction to the unboundedness
of B, C B.

Now, we take N = m, fix k > m and M € N, and assume that for all
K € N there are yx; € Yo with [[i7yclbmt > K (1kyiclixc + [yclln).

We put Mk = |[ifyx|le.c + ||[yr|ln.n- If all but finitely many My were
0, L = [{in(yk) : K > Ky}] would be a bounded subspace of ¥ which yields
L = {0} and yx = 0 since i, is injective. We may thus assume without loss
of generality Mg # 0 for all K € N and then yx = MglyK is a sequence in
Uy, v with iy, (¥ ) bounded in Y, and this implies ||i7"yxk ||m.m < S for some
S >0andall K € N. O

Proof of 3.3.6. Let Y = (Proj 2")’ be endowed with the (LF)-space topology
described above. Then the identity map Y — (Proj 2~ )’ﬁ is continuous which
implies that Y is separated. As a strong dual of a barrelled space, (Proj 2 )fB
is locally complete and this gives that Y is locally complete. If the transposed
maps (0")! : X — Y were injective, 3.3.6 would follow immediately from
3.3.7. However, since 2 is strongly reduced the injective inductive spectrum
formed by the spaces Fréchet spaces X/ /ker(o")! =:Y,, is equivalent to the
spectrum formed by the spaces X, in the sense that there are m = m(n) > n
and g, : Y,, — X/ such that the diagrams
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sm
n

Xn

Xm
In

Y, —— Y,

are commutative. Moreover, it is easily seen that the condition in 3.3.7 is
invariant under passing to equivalent spectra. This gives the conclusion as
(Py) is just the condition of 3.3.7 for the spectrum (X7, (o™,)"). O

m

Let us make some remarks on strongly reduced locally convex spectra. Of
course, such spectra are reduced and theorem 3.2.9 implies that locally convex
spectra 2~ of separated (LB)-spaces are strongly reduced if Proj'2 =0
holds. If 2" consists of Banach spaces then 2 is strongly reduced iff 2 is
reduced iff Proj'.2" = 0 holds. Moreover, a locally convex spectrum 2 =
(X, o) is strongly reduced if and only if

VneNImeNVUeZ%(X,) on(Xm) Co"(Proj2Z")+U.

Theorem 3.3.1 immediately implies that Proj™.2" = 0 holds for strongly re-
duced spectra. Another important property of strongly reduced spectra is
contained in the following result mentioned in [64].

Proposition 3.3.8 Let 2" = (X,,0) and ¥ = (Y, 0l) be two strongly re-
duced spectra of complete separated (LB)-spaces, and T : Proj £ — Proj %
a continuous linear map. Then there is a morphism of locally convex spectra
T: 2 — %, where 2 is a subsequence of 2", such that T = Proj (T) In
particular, Proj Z = Proj % implies that & and % are equivalent.

Proof. We first show
VneNIm>nVUe%(Y,) 3V e %(Xn)

T (@™ (V) € (@) ©).
Assuming the contrary we find n € N and a sequence U,, € %(Y,) such
that T ((Qm)fl (V)) is not contained in (0™) "' (U,,) for all m € N and all

V € %(X,,). Since (LB)-spaces have the countable neighbourhood property
there are S,, > 0 such that U = ﬂmeN SmUnm is a neighbourhood of 0 in Y.
The continuity of 6™ oT implies that there are mg € Nand V' € % (X, ) such
that e"oT ((gmo)_1 (Sme V)) is contained in U C S,,,,U,;,, which contradicts
the choice of Uy, .

Since Y is separated, T' vanishes on ker " and induces a unique continuous
linear map 7" : im (¢™) — Y, with T o " = T”, and since Y is complete

————Xm .

we can extend 7" to im (¢™) = D op* X} for some k > m and thus obtain
Tk:T’OQ?:Xk—>anitthogk=J"OT. O
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We now show that theorem 3.3.6 is not true for locally convex spectra 2
(consisting even of nuclear (LB)-spaces) which are merely reduced.

Example 3.3.9 There are injective inductive spectra (Z,,i") of nuclear

ny 'n

Fréchet spaces with non-separated inductive limit Z, see e.g. [27, §5, corol-
lary 2]. Since Y = mz is complemented in Z we have Y = indY,, with
Y, = Z, NY. Hence there are injective inductive spectra (Y, j7*) of nuclear
Fréchet spaces such that the inductive limit carries the coarsest topology. Let
now X, = Y, be endowed with the strong topology and ", = (j™)'. Then
X = (Xn, 0%) is a locally convex projective spectrum with Proj 2" =2 Y’ =
{0}. Moreover, o has dense range since (o7,)" = (j™)! = j™ is injective.
Therefore, Z is reduced with barrelled projective limits but does not satisfy
(Py) because of theorem 3.2.18.

Let us state explicitely the combination of 3.3.4, 3.3.6 and 3.2.18 for spectra
of (LS)-spaces.

Corollary 3.3.10 Let 2" = (X, 0}%) be a locally convex projective spectrum
of (LS)-spaces. Then the following conditions are equivalent.

1. Proj'2 =0.

2. 2 is reduced and satisfies (P5).

3. X is strongly reduced with ultrabornological projective limit.
4. X is strongly reduced with barrelled projective limit.

Of course, we can replace barrelledness in 4. by any weaker condition
which implies that (Proj 2")" endowed with its (LF)-space topology is locally
complete, e.g. Np-barrelledness.

Now we are going to study when a projective limit inherits quasinormabil-
ity from the steps. It is known that a Fréchet space X which is the limit of a
reduced projective spectrum 2~ consisting of Banach spaces is quasinormable
if and only if W4 lifts bounded sets (a simple proof of this fact is contained
in chapter 7). Let us investigate this property first.

We define for a locally convex space X and a set I the space £5°(X) =
{(z;)icr € X! : {x; : i € I}is bounded in X} endowed with the locally
convex topology having {Uf N ¢*(X) : U € %(X)} as a basis of the 0-
neighbourhood filter. If f : X — Y is a continuous linear map we define
0P(f) : 4P (X) — LP(Y) by (zi)ier — (f(z:))ier- In chapter 7 we will
consider £° as a functor acting on the category of locally convex spaces, but
for the moment we need it only as a tool. Note that each bounded subset of
£3°(X) is contained in B for some B € %(X).

If 27 = (X,,0) is a locally convex projective spectrum we denote by
(P (X)) the spectrum (¢3°(X,,), €3°(o),)). With this notion we have

Theorem 3.3.11 For a locally convex projective spectrum 2 = (X, o) the
following conditions are equivalent.



3.3 Projective limits of locally convex spaces 47

1. Yo lifts bounded sets.
2. For each exact sequence

0— 2 Lo S 9

of locally conver spectra where the components of g lift bounded sets the
induced map Proj % — Proj Z lifts bounded sets.
3. Proj (X)) = 0 for each set I.

Proof. 3. follows from 1. by the fact that a continuous linear map f lifts
bounded sets iff £2°(f) is surjective for each set I and using the canonical

isomorphism [] £9°(X,,) = (°( [] X,). 2. follows from 3. since
neN neN

00— 02(2) Lo 12 L 2(%) — 0

(with f = °(f) and g = €3°(g)) is exact as a sequence of projective spectra
of vector spaces, and 2. implies 1. by considering the canonical resolution of
Z as in the proof of 3.1.4. O

Proposition 3.3.12 Let 2" = (X,,07,) be a locally convex projective spec-
trum. If o lifts bounded sets, then

v(‘Bn)nGN € H '@(Xn) 3 (Dn)neN S H '%(Xn) Vn e N
neN neN

B. € ((el) " (Dy) + ¢ ([ (&) ~H(Dy)).
j=1

j>n
If all spaces are locally complete the converse implication holds, too.

Proof. For (Bp)nen € [],,en #(Xn) there is (Dp)nen € [, ey #(Xn) with

[len Bn € Y2 (I],en Dn)- If n € N and b, € B, are given we set b; = 0 for

j # n. Then there is d = (dy)neny € [[ Dy with b = (b;)jen = P2 (d). This
neN

gives

b= o = Ghadonr € (V)0 + 2 1@)70)

since d; = Q§+1(dj+1) for j # n. To prove the converse implication we choose
for a sequence (B )nen € [[,cn Z(Xn) a sequence (Dy)nen € [],cn Z(Xn)
of closed absolutely convex sets such that

2"B, C ﬂ(@%)‘l(Dg’) +0"([) (@)1 (Dy))

ji>n
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for all n € N, and we set D = HneN D,, which is a Banach disc in HneN Xn
since this space is locally complete. Given b = (b, )nen € [],,cny Bn there are

T, € ﬁ (¢})"1(D;) and y,, € (N (¢/)~1(D;) with 2"b,, = z,, — 0" (yn), hence
i=1 :

>n

(0,...,bn,0,...) = =¥ (d") where

on

n+(y), 0"*2(y),...) € D.

d" = (0" (xn), .. 20, 0" (y), 0

o0
The series d = Y 5-d" converges in [D] to an element d € D and hence, it
n=1

also converges in [], .y Xn. Since ¥y is continuous we obtain

neN

W (d) :i(o,...,bn,o,...) — b,

n=1

O

Theorem 3.3.13 Let 2" = (X, 0",) be a locally convex projective spectrum
such that W lifts bounded sets. If all X,, are quasinormable then so is Proj Z .

Proof. We first claim
(1) VneN, U, € %(X,) 3m>nVBeAB(X,,) IDc BProjZ)

B C o™(D)+ (¢) " (Un).
Otherwise there would be n € N, U,, € %(X,,), and (By)m>n € [ Z(Xm)

m>n

such that B, € 0™(D) + (o%,) ' (Uy,) for all D € #(Proj Z) and all m > n.
We set B; = {0} for j < n and apply 3.3.12 to find (D )men € [],,en B(Xm)
with ,
mBy, © m (an)_l(Dj) + 0" (Km)
j<m
where K,,, = () (¢/)~(D;) is bounded in Proj 2 for each m € N. We choose
j>m
m € N such that %Dn CU, and set D = K,,,. Then

on(Bm) € —D,, + 0" (D) CU, + 0"(D).

1

m

For © € B,, there are u € U,,d € D with ¢, (z) = u + ¢"(d), hence
v =x—¢"(d)+¢"(d) € (¢,) " (Un) + " (D).

This proves (1). Let now U € % (ProjX) be given. We have to find V €
Uy (Proj Z7) such that for each € > 0 there is D € #(X) with V C eU + D.
There are n € N and U,, € % (X,,) with (¢")~1(U,,) C U. We choose m > n
according to (1) and V,, € %(X,,) such that for each ¢ > 0 there is B €
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B(X,,) with Vy,, C e(on)

of X,,. Let now V =

" Y~ YU, )+ B which is possible by the quasinormability
(™)t (Vin) € % (Proj Z) and ¢ > 0. We choose
B € #(Xy,) with V,,, C £(0,) ' (U,) + B and then D € %’(PrOJ%) with
2B C (o) ' (Uy) + ¢™(D). Hence Vi, C e(0%,) " (Un) 4+ 50™(D) and this
implies V C eU + ;D. O

Let us give two more results about the lifting of bounded sets.

T

1%

Theorem 3.3.14 Let 2" = (X, 0",) be a locally convex projective spectrum
of locally complete spaces. Then the condition

VneNIm>nVk>m3IBeBX,) VMe B(X,) IK € B(Xy)

om (M) C o (K) + B

implies that Wy lifts bounded sets and there are B, € B(X,,) with o (By) C
B, form >n and

VneNIm>nVMeRB(Xy,) ID e B(ProjZ)

om(M) € 0"(D) + By.

Proof. Using the fact that all bounded sets of £5°(X) are contained in sets
of the form B! with B € %(X) we easily obtain that the spectrum £3°(.2")
satisfies the same condition as 2. Since £7°(X) is locally complete if so is X
the result follows from 3.2.14 and its proof. O

For spectra of regular (LB)-spaces we even have:

Corollary 3.3.15 Let 2 = (X, 0%) be a locally convex projective spectrum
of reqular (LB)-spaces. Then Wq lifts bounded sets if and only if the condition
of 8.3.14 holds.

Proof. If we endow £9°(X,,) with the inductive limit topology induced by the
spectrum {¢7°(X,, n), N € N} we obtain regular (LB)-spaces to which we can
apply theorem 3.2.9 which easily gives the necessity of the condition in 3.3.14.

O

Corollary 3.3.16 If 2 is a locally convex projective spectrum of (LS)-spaces
then Proj' 2" = 0 if and only if W4 lifts bounded sets.

Let us finally mention that there is no hope to extend the converse of theorem
3.3.13 beyond the class of reduced spectra consisting of Banach spaces. If
2 = (Xn,0) is a locally convex spectrum consisting of Schwartz spaces
then Proj 2 is again a Schwartz space (since this class is stable with respect
to cartesian products and subspaces ) and hence quasinormable.
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In this section we give some examples of surjectivity problems which can
be solved by localization and the Proj-functor. The following consequence of
Runge’s approximation theorem is fundamental for the classical applications
in 3.4.1 — 3.4.3.

For an open set 2 C C (or 2 C R?) we call a sequence (§2,)nen an
open and relatively compact exhaustion of (2 if each (2,, is open and relatively

compact, 2, C 2,.1, and |J 2, = £2. Then every compact subset of {2 is
neN
contained in some (2,,. The space of holomorohic functions on {2 is denoted

by 2((2).

Theorem 3.4.1 Let (£2,)nen be an open and relatively compact exhaustion
of 2 C C. Then the spectrum 2  consisting of the spaces X, = H(£2,) and
the restriction maps o, satisfies Proj 2" = #(£2) and Proj' 2 = 0.

Proof. For each n € N choose a compact set K,, C £2 with £2,, C K,, such that
each component A; of the complement of K, taken in the extended complex
plane contains a point «; in the complement of 2. We fix m > n such that
K, C Q. If f € 7((2,) and € > 0 are given there is a rational function
r with poles only in {a;} (in particular, r € J(£2)) such that ||f — 7|k, =
sup |f(2) - r(z)] <.

zeKy
We endow 5#((2,,) with its usual Fréchet space topology of uniform con-
vergence on compact subsets. For any U € % (77((2,)) there are a compact
set M C 2, C K,, and € > 0 such that {f € #(£2,) : ||fllm < e} CU.
Hence, the consequence of Runge’s theorem given above shows o} (X)) C
0" (Proj ) + U. Theorem 3.2.1 implies Proj!.2" = 0. O

Since in the above proof the spectrum X, is equivalent to the spectrum
consisting of the Banach spaces J#°°({2,,) of bounded holomorphic functions
on (2, it is no surprise that m > n only depends on n and not on the 0-
neighbourhood U, .

3.4.1 The Mittag-LefHler theorem

If 2 is an open subset of C, (2;)ren € 2" a sequence without accumulation
m

k
point in 2 and pg(z) = > (Zi’—z’;)l a sequence of principal parts there is a
I=1 '

meromorphic function in {2 with poles only in {2z : k € N} and having the
principal parts py in 2.

This problem is localized by choosing an open and relatively compact
exhaustion 2, of §2,,. With X,, = H({2,), Y, the space of meromorphic
functions on §2,, with poles only in {zj : k € N} (there are only finitely many
2 in £2,, since this set is relatively compact and (zx)ren has no accumulation
point) and Z,, the image of the assignment of the principal parts to a function
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in Y,, we obtain with the restictions as spectral mappings an exact sequence
0> %2 - % — % — 0 of projective spectra.

Since Proj' 2 = 0 we obtain that 0 — Proj 2" — Proj% — Proj % — 0
is exact which is the assertion of the Mittag-Leffler theorem.

3.4.2 Separating singularities

Let §21 and (2, be open subsets of C and ¢ € H({2) with 2 = (2; N {25. Then
there are ¢; € H(§2;) with ¢ = @10 — p2|0.

To localize this problem we choose open and relatively compact exhaus-
tions 2, of £2; and set Z, = H(,) with 2, = 21, N Za,, Y, =
H((h ) x H({22,) and X,, = H((21,, U {25 ,,). The spectral maps are again
the (the product of the) restrictions. With f,, : X, = Yy, 0 — (¢|a, ., ¢l,.,.)
and g, : Y, — Z,, (p1,02) — ©1 6, — @2|f)n we obtain a complex
0> 2 — % — % — 0 which is exact at 2 and #%. The proof of the
exactness at 2 is as hard as the original problem but in view of 3.1.8 we only
need 751 (Znt1) C gn(Yn), ie. g = vi1ln, — ¢2lg, for ¢ € H({2,41) and
this can be seen easily with the aid of Cauchy S 1ntegra1 formula. Indeed, since
(21 nN (22 n 1S compact in Qn+1 there is a cycle I' in Qn+1 \ (21 nN !22 » such

that ¢(z) = ﬁ “D(C dC holds for z € 21, N 25, and ¢ € H(Qn+1). If we
decompose I' =17 — Fg with cycles I'; in _Qn+1 \ Qn’j we can solve this local
— fF] dQ for z € £2; .

As in the previous situation, the kenel spectrum 2~ satisfies Proj .2 = 0
and we thus obtain the desired result. Usually, this special instance of the
additive Cousin problem is solved using a % °°-partition of unity to produce a
decomposition with 4" °°-functions and then one gets a holomorphic solution
with the aid of the next example.

problem with ¢;(2) =

3.4.3 Surjectivity of 9
We prove that 0 = %(% + ia%) is surjective on €*°({2) for each open set
N CC.

This is obtained in a similar way. We choose an exhaustion as in the
first example and set X,, = H(£2,) and Y,, = Z,, = €°°(12,,). The spectral
maps are once more the restrictions, f, : X,, — Y, is the embedding and
gn=0:Y, = Z,. By318wehavetosolveag—f1n(2 for a function f €
€ (£2,+1) and this can be done by choosing a %‘x’—functlon © with support

in £2,,11 which takes the value 1 on §2,, and setting g(z) = =% f(c U2)C) 472 (¢)

(—=z
where A2 is the two-dimensional Lebesque measure on C = R2

Again we use Proj!.2” = 0 to obtain the desired surjectivity. The method
of this example carries over to general partial differential operators with con-
stant coefficients:
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3.4.4 Surjectivity of P(D) on €°°(£2)

Let 2 be an open subset of R%, P a non-zero polynomial in d variables and
D = (fia%, e fi%). Surjectivity of P(D) : €°°(§2) — €°>°(§2) has been
charaterized by Malgrange [44].

The localization of the problem is obtained precisely as for the d-operator
by multiplying f € €°°(2,41) with a cut-off function and forming the
convolution with a fundamental solution E of the operator. The differ-
ence to the previous examples is that the kernel spectrum formed by the
spaces X,, = {f € €>°(£2,) : P(D)f = 0} need not automatically satisfy
Proj!'2 = 0. From the characterization in theorem 3.2.8 we get Proj'% = 0
where % consists of the spaces €°°(2,) and the restrictions and using the
exact sequence

0 — Proj 2 — Proj % — Proj 2 — Proj'2 — Proj'%

from corollary 3.1.5 we deduce that surjectivity of P(D) on €°°({2) is equiv-
alent to Proj!.2" = 0.

We claim that the condition of 3.2.1 (which by 3.2.8 characterizes the
vanishing of Proj.2") holds if and only if {2 is P-convex for supports, i.e. for
each compact set K C (2 and each p € N there is another compact set K/ C 2
such that each p € &'(2) = €°°(£2)" with P(—D)u having order less than p
and support in K satisfies supp u C K'.

Indeed, given n € Nand U € % (X,,) there are a compact set K and p € N
such that U contains {f € €>°(£2,) : 3_, <, |1Dfllx <€} for some e > 0. We
choose m > n such that K’ C (2,,, and any k > m. Given v € (¢}}(Xy) 4+ U)°
the distribution y = E * v € 2'(R%) has support in 2} (since for a test
function ¢ with supp N2, = 0 we have u(p) = v+ E(p) = v(Ex¢) =0
as Ex ¢ € X, and v € o} (Xy)°). In particular, pp € &'(£2) and P-convexity
implies supp p € §2,, which yields v(f) = P(—=D)u(f) = p(P(D)f) = 0 for
f € ol (Xm), hence v € o' (X,,)° and the theorem of bipolars gives

O (Xom) C 0p(Xk) + U C 0 (Xx) +2U.

In the same way it is proved that this condition implies P-convexity.

By regularization one can show that the formulation of P-convexity given
here is equivalent to the usual formulation (supp P(—D)e C K implies
suppy C K’ for all test functions ¢ € 2(£2)) as e.g. in Hérmander’s book
[34, §10.6].

3.4.5 Surjectivity of P(D) on 2'(12)

An open subset £2 of R? is P-convex for singular supports if for each
compact set K C {2 there is a another compact set K’ C 2 such that
singsupp P(—D)u C K implies singsupp u C K’ for each u € &'(£2) (where
sing supp p is the singular support of a distribution u, i.e. the complement of
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the largest open set in which p is a €°°-function, see [35, §2.2]). We will now
present a Proj!-proof (similar to [49]) of the following result due to Hormander
33] and [34, §10.7]:

If 2 is P-convex for supports as well as for singular supports then
P(D): 2'(2) — 2'(12) is surjective.

We choose an open and relatively compact exhaustion (2, such that K’ C
241 for K = 2, in both definitions of P-convexity. The local problems
u = P(D)v in 2, for u € 2'(£2,,41) are again solved by multiplying with a
cut-off function and using a fundamental solution. We set X,, = Z5(£2,,) =
{u € 9'(12,,) : P(D)u = 0} and denote by Z,, the Banach space {u € Lo(2,) :
P(D)u = 0} C X,, where Ly(£2,,) = {u € Ly(R?) : suppu C £2,,}. We want
to show
(%) 0(Xm) C 0 (Xe) + Za

for all K > m = n + 1 where g]!, denotes the restriction map. Let us first
note that L; = P(—=D)(2(£2)) N 2(82;) is closed in 2({2;) since 2 is P-
convex for supports (in fact, L; = {p € 2(2;) : suppE x ¢ C 241}
where E is a fundamental solution of P(—D)) and for the same reason M, =
P(=D)(&'(2)) N F,, is closed in F,, = {u € La(2,) 1 u € €°(2\ 21n_1)}
which is endowed with the initial topology with respect to the inclusion into
Lo(£2,,) and the restriction map F,, — €°°(2\ 2,,_1). The map

o= (01,02): D(2m)/L — 2(2x)/Li X Fy,/M,,

is continuous and injective (since 2(£2,,) N Ly = L,,) and we will prove
that it has closed range. Indeed, if (¢ + Ly, u + M,,) is in the closure of
imo then ¢ — u € Lo(82,,) N P(—D)(&'(£2)) (the subspace of the product
described by this condition is closed and contains im o) hence there is p €
&'(2) with P(—=D)u = ¢ — u. Since u is smooth outside 2,,_; we have
sing supp P(—D)u C £2,,_1 hence sing supp y is a compact subset of £2,,, by P-
convexity for singular supports. Moreover, P(—D)u € Lo(§2,,) implies that u
is locally an Lo-function (since P(—D) has a regular fundamental solution [34,
theorem 10.2.1]) which has compact support in {2 (since §2 is P-convex). We
can thus decompose p = ¢ —v with ¢ € 2(£2) and v € La(£2,,) (v is obtained
by multiplying u with a function in 2(£2,,) which 1 on a neighbourhood of

sing supp 1) and obtain that
X=¢—P(=D)p=u—P(-D)ve 2(2)

has support in §2,,,. This gives x € 2(2,,) and o(x+ Ly,) = (¢ + Ly, u+ M,,)
which proves that im o is closed.

Now we can prove (). Any u € P} (£2,,) vanishes on L,, = 2(2,,) N
P(—D)2(12) (since u(P(—D)y) = P(D)u(p)) and thus induces a continuous
linear functional @ on %(2,,)/Ly,. The open mapping theorem shows that o
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is @ monohomomorphism and the Hahn-Banach theorem implies that there
are continuous linear functionals v on 2(f2;,) vanishing on Lj and w on F,
vansihing on M,,, with & = vooy +woos (where ¥ and w are the corresponding
functionals on the quotient spaces). Since v vanishes on Lj it belongs to
D1 (k) and since La($2,,—1) C F,, we obtain w € La(2,,-1)" = La(2y—1).
This proves o7 1 (Xm) C oF,_1(Xx) + L2(£2,,—1) and therefore also (x).

By the remark after 3.2.17 condition (%) implies that the spectrum 2" =
(X, o) satisfies condition (P3) defined in 3.2.17. Because of theorem 3.2.18
we still need that 2" is reduced to conclude Proj'2" = 0 and hence the
surjectivity of P(D) on 2'(f2). But reducedness follows again from the Hahn-
Banach theorem and the injectivity of o1 : 2(2,,)/Lm — 2(£2%)/ Lk and the
proof is thus complete.

Hormander’s proof used P-convexity for singular supports in a rather in-
tricate way to construct explicitely a continuous seminorm on 2(£2) of the
form p(p) = >°,, sup [goD%¢| to which the Hahn-Banach theorem applies.

It is shown in [34, 10.6.6 and 10.7.6] that the P-convexity conditions are
also necessary for the surjectivity of P(D) on 2’({2). Let us also note that by
[35, 7.3.9] open convex sets are P-convex for supports as well as for singular
supports. The surjectivity of P(D) on 2'({2) for convex {2 can also be proved
as in the next application.

3.4.6 Differential operators for ultradifferentiable functions of
Roumieu type

We will now explain how theorem 3.2.18 and its variant corollary 3.3.11 sim-
plify considerably arguments of Braun, Meise, and Vogt [16, 18], Braun [14],
and Langenbruch [41] used for the characterization of surjective partial dif-
ferential operators on spaces of Roumieu type (sufficiency of conditions (Ps)
and (P3) was only proved in 1996 [69] after the above mentionned articles
appeared).

To define ultradifferentiable functions we follow Braun, Meise, and Taylor
[15] and call an increasing continuous function w : [0,00) — [0, 00) a weight
function if for some constant C

(@) w(2t) <CL+w(®), (B) [ 2lhdt < o,

(7) lim 285 =0, and  (6) p(t) = w(exp(t)) is convex.

t—o0

w is extended to C¢ by w(z) = w(|2]) (where |2| is the euclidean norm). The
Young conjugate ¢* : [0,00) — R of ¢ is defined by

©*(y) = supxy — p(x).
x>0

For a compact set K C R% we set
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d e}
JE) = {f = (Fadacry € CUK)D : ful o € €K, fal g = 0°foly }

[fll7,n = sup sup |fa(2)] exp(=¢™(la|N)/N) for f € J(K),
aeNg zeK
(here |a| = a3 + ...+ aq denotes the length of the multi-index which hardly
can be confused with the euclidean norm),

Euy(K) ={f € J(K): INeN |[fllgn < oo},

and for an open set 2 C R? we finally get the space of ultradifferentiable
functions on (2

1oy (2) = {f € C(2) : (0° K )ens € Eluy(K) for all K C 02 compact} .

In this definition it is clearly enough to consider a fixed compact exhaustion
(Kp)nen of £2 (for which we always assume K,, CK,+1 and that K, is the

closure of [%n) If we denote the restriction maps &y (Kyn) — 670y (Kn) by
ol we obtain a projective spectrum éo{{i y = (6wy (Kn), o) whose projective
limit is canonically isomorphic to &, (42).

The main example for this type of function spaces is obtained for w(t) = ¢#
with 0 < 8 < 1. The Young conjugate is then easily computed as ¢*(y) =
y/Blog(y/eB) and since exp(—¢*(aN)/N)) = (N/B)~*/3(aje)=/" we get
with p = 1/ from Stirling’s formula

0% f ()]
0) = (1) : IN Nl (ol -
810y (2) {fe% (2):¥neN eN sélgérseu}?n Niol(al)? < o0

We thus obtain the classical Gevrey-classes of exponent p which are usually
denoted by I'tP}(£2). Note that the case p = 1 (for which we would obtain the
space of real analytic functions on 2) is not covered by this setting because of
condition (/). Besides this formal reason the crucial property which excludes
spaces of real analytic functions is that &, (f2) contains many functions with
compact support as is shown in [15], hence &7, (f2) is non-quasianalytic.

Let now P(2) = > 5 52 - 25% be a non-constant polynomial in d
variables. It is shown in [15] that P(D) acts continuously on &%, (§2) and also
that the formal differential operator

P<D) : (foc)aeNg = ( Z C6(-i)|5|fo¢+5)a€Ng

[6]<k

is a continuous linear map on &y (K). If A (w, P, {2) is the spectrum con-
sisting of the kernels N(w, P, K,,) = {f € &} (Ky) : P(D)f = 0} we obtain
a complex

0— N (w,P,0R)— &L — &,
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of projective spectra whose projective limit is

0 — ker P(D) — &,y (2) i Elwy (£2).

Using compactly supported functions in &,y (£2) we get o 41 (6w} (Knt1)) €
0" (&) (£2)) which implies Proj I@@ﬁ)} = 0 (e.g. by theorem 3.2.1 applied to
the discrete topologies). The assumptions of proposition 3.1.8 are again veri-
fied using a fundamental solution. We therefore obtain that P(D) is surjective
on &1 (£2) if and only if Proj'. A (w, P, 2) = 0.

To obtain explicit conditions from this characterization let us first note
that by [11] &y (K,) and thus also the closed subspaces N(w, P, K,,) are
(LS)-spaces. The dual condition (P5) in corollary 3.3.12 can be evaluated
directly by using Fourier transformation if {2 is convex. In this case we can of
course assume that the exhaustion (K,,),en consists of convex sets, too. We
then have the support functionals

hn(y) = hi,(y) = sup (z,y).
z€K,
Bonet, Meise, and Taylor [11] proved a Paley-Wiener-Schwartz theorem for
distributions in 5’{2}}((2)7 namely that the Fourier transform

F @@{w}(K)lﬁ - A{w}(Cd7K)7 p= F(u)(2) = plexp(—i(-, z))

is an isomorphism between the strong dual of &,,;(K) and a weighted space
of entire functions.

For an algebraic variety V in C? we denote by A(V) the space of functions
which locally have extensions to holomorphic functions on open sets in C%
and set

A{w}(‘/,K):{fEA(V)VNEN |f‘K’N<OO}

where |f|x.n = s1€15 |f(2) exp(—hg(Imz) —w(z)/N)]|.

Agy (V, K) is endowed with the topology given by the system of norms |- |k, .
The intuitive idea that % induces an isomorphism between N(w, P, K) =
&y (K) /N (w, PK)*+ and Ay (V,K) with V = {z € C*: P(—z) = 0} is far
from being obvious but it is shown by Braun, Meise and Vogt [18, propsition
2.4] that this is indeed true if P is square-free (this assumption is no problem
since the composition of commuting operators is surjective if so is each factor).
Having this description at hand we immediately get from corollary 3.3.12
the following characterization (A (w, P, £2) is a reduced spectrum because of
the injectivity of the embedding A¢,y(V, Ky) — A (V, Kny1), hence (Py)
characterizes Proj .4 (w, P, £2) = 0 and thus the desired surjectivity):

Theorem 3.4.2 If (2 is convex and P is square-free then P(D) is surjective
on &1 (2) if and only if the variety V = {z € C? : P(—z) = 0} satisfies the
following Phragmen-Lindelof condition:
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VneNIm>nVk>mINeNYMeNIKeN, S>0
such that for each f € A(V') conditions (1) and (2) imply (3) where

(1) log|f(2)| < hn(Imz) +w(z)/N
(2)  log|f(2)] < hi(Imz) + w(z)/ K
(3)  log|f(2)| < hpm(Imz) + w(2)/M + S.

In [18] variants of this theorem could be proved by specialized hard analysis
only for the case 2 = R? since the authors had to verify a condition (P}) of
Vogt [62] (see example 3.2.19) which implies the assumption of the Retakh-
Palamodov theorem 3.2.9 but which is neither necessary for Proj'./” = 0
nor easy to check. Of course, to see whether for a concrete polynomial P the
Phragmen-Lindel6f condition holds one still needs further analytical tools but
theorem 3.4.2 itself follws immediately from the abstract theory.

Several versions of 3.4.2 for convex {2 had been proved by Braun [13, 14]
using sufficient conditions for Proj'.#" = 0 which were weaker than condition
(Pf) but still too strong to be necessary.

The surjectivity of P(D) on &, (§2) for non-convex §2 was characterized
by Langenbruch [41] who also used (PJ) as a necessary condition for the
surjectivity. Because of corollary 3.3.12 one gets a first characterization which
can be further evaluated as in [41].

Let us finally note that also convolution operators on classes &, can be
investigated with the aid of the present methods, see [17].



4

Uncountable projective spectra

We have seen quite a number of useful results about countable projective
limits in the previous chapter and it is a natural question to which extent
these results carry over to arbitrary projective limits. Such projective limits
are by no means artificial: every complete locally convex space is the projective
limit of Banach spaces and such a representation is natural and useful.

However, we will see that the behaviour of the generalized projective limit
functor is much worse than in the countable case. Even for very “good”
projective spectra whose limits are for instance (LS)-spaces we can have
Proj'2 #o0.

Since the positive results are not very promising for the theory of locally
convex spaces and in view of the existing literature (e.g. the lecture notes
of C.U. Jensen [37]) our presentation will not be exhaustive. Our aim is to
develop the theory to an extent which enables us to calculate Proj*.2" where
Z is a projective spectrum representing the space ¢ of all finite sequences
endowed with the strongest locally convex topology. These results will be used
later.

4.1 Projective spectra of linear spaces

Throughout this chapter, (I, <) will be a directed set, i.e. < is a reflexive
(a < @) and transitive (o < § and § < « imply a < ) relation on I such
that for all a, 8 € I there exists v € I with o <~ and § < . Usually, it is
required that in addition the order relation is antisymmetric, i.e. a < § and
[ < «a imply a = 3. However, in connection with the representation of locally
convex spaces the following example is natural. Let X be a locally convex
space and I = ¢s(X) the system of all continuous seminorms on X. Together
with the order p < ¢ if the identical map (X, p) — (X, ¢) is continuous, i.e.
there is C' > 0 such that p(z) < Cq(x) for all z € X, (I, <) becomes a directed
set.

J. Wengenroth: LNM 1810, pp. 59-76, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Of course, the difference to the usual definition is not really essential. If
we define an equivalence relation a ~ § if @« < # and 8 < a and denote by
[a] the equivalence class corresponding to o € I then [a] < [y] if a < v is a
well-defined order which is antisymmetric and such that (I/~, <) is a directed
set.

Definition 4.1.1 A projective I-spectrum consists of linear spaces X, for
a € I, and linear maps 0% for a < B such that 0% = idx, and 03 © 05 = 05
fora< <y If X = (Xa,gg) and % = (Ya,ag) are two projective I-
spectra, a morphism [ = (fa)acr : X — ¥ consists of linear maps fq :
Xo — Yo such that fo 0 0f = of o fg for all a < B. For a projective
I-spectrum 2" = (X, 03) we set

Proj Z = {(xa)ael € H Xo 1 03(7p) = o for a < ﬁ}
acl

and denote by o : Proj Z© — X, the canonical projection. If f = (fa)aer :
X — ¥ is a morphism between projective I-spectra we define Proj (f) :
Proj Z — Proj % by (xa)act — (fa(Ta))acr-

This is the usual definition of projective spectra. However, in view of the
example above one would like to have a category of spectra where the index
sets may vary. If X and Y are complete locally convex spacesand f : X — Y
is a continuous linear map there should be a morphism 2" — % where 2~
is the spectrum consisting of the spaces X, = (X,p), p € c¢s(X) and ¥ is
the spectrum corresponding to Y. To realize this in our setting one would
have to change the natural index sets cs(X) and cs(Y), e.g. we could take
I={(p,q) €cs(X)xcs(Y): f:(X,p) — (Y,q) continuous}. Then we can
indeed find a morphism (£, )acr between spectra such that f = Proj ((fa)acr)-
A more systematic way would be to mimic the definitions of Palamodov for
the countable case. Some steps in this direction are done in 4.1.6 and 4.1.7
below. But as we said above, the results even for the simple case where only
one index set is used are rather disappointing, and since there is no hope
for the more complicated theory to allow better results there seems to be no
justification yet to invent such a technical machinery.

We thus confine ourselves to the setting of 4.1.1. The abandonment of
antisymmetry does not cause anything unexpected, if a < § and 8 < « then
X, and Xg are isomorphic and 0% and 03 are inverse to each other.

Proposition 4.1.2 The class of projective I-spectra and morphisms is an
abelian category which has sufficiently many injective objects, and Proj is an
injective additive functor.

Proof. The proof is almost the same as in the countable case, the kernel
(cokernel) of a morphism is the spectrum of the kernels (cokernels) of the
components, every morphism is a homomorphism, and for an I-spectrum
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2" = (Xa, 0%) the associated free spectrum .7 = ( ];[ X, m§), where 7§ are
v<a

the canonical projections, is an injective object. Indeed, if f = (fo)acr : % =
(Yo,08) — Z is a morphism and h : & — 2 = (Z,,7§) is a monomor-
phism we define f = (fo)acs : £ — F by fo = [] ﬁorg 1 Zo — 1 X5,
y<a v<a

where f, : Z, — X, is an extension of pryo f, : Z, — X, and pr, :
[T Xs — X, is the projection. It is then easy to check that f is a morphism
0<y

with foh = f. Hence Z is an injective object and ¢ = (ig)acr : & — F
defined by ia(z) = (02 (2))y<a is @ monomorphism. Finally, Proj is easily seen
to be injective. O

Now, the derived functors Proj* can be defined using injective resolutions

as in the countable case. Let us construct a particular resolution using a

standard trick from homological algebra. Given & € Ny and o € I we set

Iio = {(ag,...,ap) €TF g <. <o, < a}, Fro = I Xoos
(agyeeak) €l o

and denote by 71';:,5 : Fy 3 — Fj o the canonical projection. Then %, =

(Fir 7T;:7 5) are free projective I-spectra, hence injective. Moreover, we define

7:k,oz . Fk,a Fk+1,a by (xao,“.,ak)(ag,...,ak)elk,(,

k+1

Qg? (1"@17---7(¥k+1) =+ Z(fl)jxao,...,&j,-‘.7ak+1

—
J (agsees 1) €41, 0

where (cg, ..., 05, ..., 05641) = (@0, ..., 05—1,Qj41,. .., Qxt1). To shorten the
k+1 4

formulas we will omit the spectral map and write _ (—1)7zq,,..a
i=0

the expression above. For & = (Tay,.... a1 ) (ao,...,an)elr.. We have

o Ok+1 for

k+2 k+1

Z'k+1,a 9] ik,a(x) = Z Zzld =0

1=0 ;=0

since the summands z;; are of the form +z,, . a,,..a,,.,aw. and each of
these terms appears twice with different signs. If on the other hand z =
(Tag,....n ) (@0,.sn) €l 15 in the kernel of iy, o, for some k € N we set

= (_l)kxaow,ak—l,a ifop_1 #a
yao,.., Qe —1 0 lf ak71 N

Then ix_1 ((yQO;H-yak—l)(Oé()pu,ak—l)elk—l,a) = x since for oy, # o =: g1
we have
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k k
Z(_l)Jyao’uwajvu:Oék = (_1)k Z(_l)jxa()w--yaj ~~~~~ ag,o =
7=0 j=0
k+1
j k
= (_1)k Z(_l)]xao,-uﬁj7---,041c+1 - (_1) +1xa0w~-7ak
§=0

= Tq,,...ar, and for o = o we also have

E
j k
Z(_l)jyaﬂa-'~»ajw“~vak = (_1) Yai,...,ar—1 = Tag,...,ap-
j=0
We proved, that the complex
0— 2 5 P57 5 Fy —

(where 4 is the monomorphism from the proof of 4.1.2) is an injective reso-

lution of Z". Applying Proj and using the obvious isomorphism Proj.%#, &
II  Xa, we obtain the following result (see e.g. [37, théoréme 4.1]).

ap<...<ak

Theorem 4.1.3 Let 2" = (x4, gg) be a projective I-spectrum. We set Fj, =

I[1 X, and define di, : Fr, — Fq1 by (Tag,...an)ao<...<ar —
ap<...<ag

k+1

5=l ap<...<agt1

Then (Proj k%)keNO is the cohomology of the complex

0—Fy 2 p gy

)

i.e. Proj®2 = ker(dg) = Proj 2 and Proj*2 = ker(dy)/im (dj_1).

For our next example it is convenient to have a variant of this result. A
minimum v € I of o, € I is defined by the properties v < «, v < 3 and
6 <a, d <[ implies § < 7.

Theorem 4.1.4 Let 2" = (Xa, gg) be a projective I-spectrum with an anti-

symmetric directed set (I, <) such that each pair (o, 3) € I? has a minimum
anpel. Weset G = I Xaoh...nay and define dy, : G, — Gr41

by (xl)é(),uqak)(ao ..... Oék)GI]H’l

k+1

1\ g Aok N

E :( 1) an/\.../\aj/\.../\akﬂ(zao,~~~,0¢j,~u,ak+1)
—

J (0seeyapq1)ETRT2
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Then (Proj k%)keNO is the cohomology of the complex
OHGOAGHLGQH

Proof. The proof is almost the same as above. Since < is antisymmetric the
minimum of two elements is unique, A3 = SA«q, and (e AB) Ay = aA(BAY),
thus the spaces Gy, and the “differentials” d; are well-defined. O

Example 4.1.5 Let X be a paracompact topological space and let O be an
open covering of X which is stable with respect to finite unions and inter-
sections. Then (€0, C) is an antisymmetric directed set such that each pair
U,V €0 has a minimum UANV =UNV € 0. Let Xy = €(U) be the space
of continuous functions on U € O and Qg be the restriction.

Then 2 = (¢(U),0%) is a projective O-spectrum such that Proj 2 =
C(X) and Proj*2 =0 for k € N.

The first statement is quite obvious and we prove the second using 4.1.4.
Let f = (fs)scor+1 € I1 (U A...ANUyg) with di(f) = 0 be given
(Uo,...,Ux)€OF+L
where dj, is defined as in 4.1.4.
Let (¢¢)ter be a locally finite partition of unity subordinated to &, i.e.
each ; is continuous with compact support contained in some U; € &, each
x € X has a neighbourhood on which all but finitely many ¢; vanish, and

S pe(x) =1for all z € X. Given Uy, ..., Ux_1 € O we set
teT

hUo,...Uk,1 = E Sotht,Uo,...,Uk,,lv
teT

more precisely, we define v; = ¢: fu, v,,...v,_, on Up N ...NUg—1 N U; and

vy = 0on UgN...NUk_1\U;. Then vy € € (UpN...NUg_1) since ¢; has compact

support in Uy, and hy,, . v, , = D v is continuous on Uy N ... N Ug_1 since
teT

(¢¢)ter is locally finite. With Vy, = U, and Vi = Up41 we then have on

Upn...NUk_1

j=0 teT j=0
k+1
_ Vil =
- Z‘Ptz( 1) fVO,t7'~~;‘/j,t,~-~:Vk+1,t +Zs0th0""U'
teT  j=0 teT
- fUO, Uk

This proves ker(dy) = im (di—1).
Of course, we can replace € in the example by any sheaf which permits
partitions of unity, e.g. the sheaf of ¥*°-functions if X is a ¥°°- manifold.
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Definition 4.1.6 Let 2" = (Xq,03) and ¥ = (Ys,07) be projective I-
(respectively T-) spectra.

A map F = (o, f) : & — ¥ consists of an increasing function ¢ :
T — I and a family f = (fi)ier of linear maps f; : Xy — Yy such that

fso QLP(:)) =ojo f; for all s <t. The composition G o F' of two maps F' and G

18 defined in the obvious way, and it is clear that this operation is associative
and has an identity.

Two maps F = (p, f), G:(v,9) : & — % are equivalent (we then write
F ~ @) if there is an increasing function 6 : T — I with § > ¢, § > v and
fso 9350(3)) = gs 0 95(3) forallseT.

Z and % are equwalent if there are maps F: ' — % and G : & —
Z such that Go F and F o G are equivalent to the identity maps on 2 and
% respectively.

A map F = (p,f) : Z — % induces a cochain complex map between
the complexes defined in 4.1.3, i.e. there is a commutative diagram

0—»Hxao—d0» I1 Xa0d1—>

[T} ap<ay

]

YSO - H YSo

s0<s1

where the vertical maps  [[ X,, — [[ Y5, are given by
ap<...<ak s50<...<sk

Hence F induces natural maps f* : Proj*2 — Proj*#% between the coho-
mology groups. f* is explicitely defined by

(xao,...,ak)aog...ak + im (dk‘—l) = (fso (xLP(SU)""LP(Sk)))Soé...gsk + im (dk),
and for maps F = (¢, f): Z — % and G : (v,9) : ¥ — Z we have
(go f)f = g¥ o f¥ . Proj* 2 — Proj* #.

Theorem 4.1.7 If 2" and % are equivalent projective spectra then we have
Proj*2 = Proj*# for all k € Ny.

The proof requires some calculations which are contained in the next
lemma. Again, we use the notation of theorem 4.1.3.

Lemma 4.1.8 Let ¢ : I — I be an increasing map with o(a) > « for all
a€l and = (Tay,... .00 Jao<...<ay € ker(dy). Then

,,,,,

(ngao)(xtp(ao),...,ap(ak)) - xao,.“,ak> < € im (dk—l)-

ap<Z...<ag
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Proof. To simplify the expressions we will again omit the spectral maps. For

ag < ... < ap_1 we define

Yag,...,a—1 = Z(_l)lxao ..... ar,p(ar),.oe(ag—1)-

=0
For fixed ag < ... < ay and 0 <[ < k we set
gl = (o, - a, (), ..., o(ag)), ie.

ﬁl._{aj 7O§j§l

J cp(aj,l),l<j§k+1

We then have () (85,..., 80, 1,....8L1) = (B!, ..., BE1. ..., Byt for 0 <
I <k —1. Since di(x) = 0 we have
k+1
z A
(=1) ZO(_U BBy O
iz

for all I < k. If we sum with respect to [ we see with (x) that the terms with
j=1land j =141 cancel out expect for j =1l=0and j=1+1=k+1 for
which we get Ty (a),....0(ar) ANd —Tqy,... .0, We thus obtain

_(xip(ao),m’tp(ak) - xao,-<~7ak)
k+1 [f75-2 k
- I+
= + 1)z 3
> D)™z a e
j=0 \1=0 1=j+1

k k
—1)Hitly 3 + —1)Hig 3
(=1) Boloreos T2 2 DMy G
i=0 1=0 §=01=j+1

k i—1 k
s l N _ _1\! N
(Z(_l) LY Bl Bl > (1) %37...,@5,...75,@“)

l=i+1

_ 1\t 1\l -
- Z( 1) <Z( 1) m(xo,...,al,Lp(al),...,cp(oci),...,ga(ozk)
k
- Z (_1)l‘rao,m,aiwwaz#P(Oél)’w@(ak))

Il
|
(]
|
—
S~—
<

Il
=]
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Proof of theorem 4.1.7. We will show that for a map F = (¢, f) : 2" —
2 which is equivalent to the identity map 2~ — 2 we have f¥ = id :
Proj® 2 — Proj* 2 where f* is defined as above. This means that for each
T = (wa07»--1ak)a0§~»-5ak € ker(dk) we have to find y = (yao ,,,,, ak—1)040§~~-§ak—1
with di—1(y) = fae (mw(ao)ww(%))aog.,,gak — z. There is an increasing map
¢ T — I with ¢ > ¢, h(a) > o, and f4 o ggﬁg) = 05 (o). We apply 4.1.8 to

)
find (ugo(ao)7...,ga(ak,1))aogu,gakfl with

(o)
T p(a0)sp@r) ~ Cplon) (Tt(a0),emib(ar))

Mx-

0 (a0)7~~-7@1-~~7¢(ak)

J

and to find (vay,....0n_ 1 )ao<..<an_, With

k
Qz(()ao) (‘rd’(ao) ----- w(ak)) ~ Zag,...,ar = Z Uozo Gaeees QU

Then y = (Vag,....ar_1 +faouw(a0)7,__7¢(ak71))aosugakil satisfies

di—1(y) = (faoTp(a0).....p(ax) = Tao,on) ag<. <an
O

We now present a simple direct proof of a result due to B. Mitchell [47].

Theorem 4.1.9 Let 2" = (24, 03) be a projective I-spectrum with |I| <N,
the n-th infinite cardinal number. Then Proj* 2 =0 for all k > n + 2.

Proof. We prove the result by induction on n € Ny. For n = 0 it is easy to
construct an N-spectrum & ~ 2. Then 4.1.7 yields Proj* 2" = Proj*# =0
for £k > 2 by theorem 3.1.4. We now suppose that the result is true for J-

spectra with |J] < N,_;. If |[I| = R,, we can find a limit ordinal w and
I, C I, :=1Iforv <wsuchthat |I,| < |I|, I, CI,forv<pand I, = {J I,
v<p

for limit ordinals p < w.

Since I is directed there is f : I x I — I with f(a,8) > aand f(«a,3) > 8
for all a, 3 € I. If M is any subset of I we set M? = M, M'T' = {f(«,3) :
o, € M'}, and M= UleNo M; which is at most countable if M is finite, and
else has the same cardinality as M. What we have gained by this construction
is that (M, <) is a directed subset of I.

Now, the family (J, = f,)ygw, has the same properties as (I,),<.. To
show Proj*2 = 0 for k > n + 2 we use again theorem 4.1.3. Let z =
(Tag,....an )ao<..<ar € ker(dy) be given. We construct by transfinite induction

Y = W any)ao<...<an_ieJ, With

,,,,,

k )
1. Zag,...on = Zo(il)jy;m-u,aj,nwak forag <...<ay € J, and
i=
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— A
2. Yaoran1 = Yao....an s for A\ <vand ag,...,ap_1 € Jx.

If v is a limit ordinal there is nothing to do since J, = J, ., Jx. Let now v =
A+ 1 be a successor ordinal and denote by 2™ the J,-spectrum (X, Qg)aeju.

By induction hypothesis we have Proj k27 = 0 hence there is

z = (zQO;uwak—l)QOS-'-SakfleJV

k
with Zag,.ap = 2 (=1) 2ag,....a;,...,as fOr g, ..., € J,. Now
j=0

A
Uag,.on—1 = Yog,.oauny — Zon,ap_y 10T ag <o <ago1 € Jy

defines an element u € ker(d} ;) (where d} are the differentials defined in
4.1.3 corresponding to 2°*). Since |Jy| < R,_; we have Proj*~ 12 = 0,
hence there is v = (Vag, . ar_s)ao<..<ar_scty With dp_,(v) = u. We now
define v by
~ o {U(lo,“.,akg if g, ...ak—2 € Jx
Voo, k2 = 0 else

and y¥ = z + dj_,(0). Then y” satisfies 1. and 2. Finally, ya,,..ar , =
Yoro....an_, for ag < ... < gy € J, defines a solution y of di—1(y) =z. O
Using the technique of the preceding proof we also obtain the following

result of Jensen [37, théoreme 1.8].

Theorem 4.1.10 Let 2" = (X, Qg‘) be a projective I-spectrum such that for

each directed subset J C I the restriction Proj 2~ — Proj 2’7 is surjective
(where 27 is the J-spectrum (Xa, 03)acs). Then Proj*2 =0 for all k > 1.

Proof. We proceed by induction on k € N. For k = 1 the theorem is proved
by induction on the cardinality of I. Let us thus assume Proj'#% = 0 for all
J-spectra & satisfying the assumption of the theorem where the cardinality
of J is strictly smaller than that of I. Let now (J,), <, be as in the previous
proof and = = (Zag,aq )ag<a; € kerds. We construct by transfinite induction
(ylolzo)aoeJy with

L. Zagar = 080 (Ya,) — Ya, for ap < aq € J, and
2. y% =ya, for A <vand ag € J).

For limit ordinals v there is nothing to do since J, = [J ., Jx. Let now
v = A+ 1 be a successor ordinal. Since the cardinality of J,, is strictly smaller
than that of I we have Proj'2 /v = 0, hence there are (za,)ages, With
Tag,a—1 = 002 (Za;) = Za, for ag < oy € J,,. Defining uq, = yéo — Zq, for ag €
Jy we obtain (Uag)ages, € Proj2 /> and since the restriction Proj 2 —
Proj 2 /> is surjective there is (Vo )ager With v, = Ua, for ag € Jy. Thus,
Yoo '= 20 + Vo, g € J, satisfies 1. and 2.

The induction step &k — k + 1 is exactly as in 4.1.9. O
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For a locally convex space X let X be the Hausdorff completion of X, i.e. the
completion of X /@ and jx : X — X the canonical map (which is injective
iff X is Hausdorff and surjective iff X is complete). Let € be the functor
assigning to X the space X (ignoring its topology) and to a continuous linear
map f: X — Y the canonical map f: X — Y. Then it is easily seen that
¢ is injective. The derived functors of € are denoted by €*.

We recall that any vector space endowed with the coarsest topology is
injective. Applying % to the exact sequence

0—>mx—>X—>X/m—>O

yields €*(X) = €*(X/{0}) for all k& € Ny, and applying € to the exact
sequence o N
00— X/{0} - X —272—0

(with Z = X/ (X /@) carrying the coarsest topology as X/{0} is dense

in X) yields €%(X) = ¢*(X/{0}) = €*(X) for all k € Ng. We have the
following result of Palamodov [50, propositions 10.2 and 10.4].

Theorem 4.2.1 If X is a semi-metrizable locally convez space then €*(X) =
0 holds for all k > 1.

Proof. By what we have said above, we have to show this for Y = X which
is a Fréchet space and thus, Y has an injective resolution

0—Y —>Yy—Y — ...

consisting of Fréchet spaces. Since Y and Y; are complete and Hausdorff, the
application of ¥ does not change this complex (except ignoring the topolo-
gies). This proves the theorem. O

An immediate consequence is the following result.

Corollary 4.2.2 If a locally convex space is isomorphic to a product of semi-
metrizable locally convexr spaces then €%(X) =0 for all k > 1.

In the list of unsolved problems Palamodov asked whether €*(2) = 0 where
2 is the (LF)-space of €°°-functions with compact support, and whether
€1 (p) = 0 where ¢ is the space of finite sequences. We provide the answers to
these questions at least under some set-theoretic assumptions in the next sec-
tion. Let us mention that the problem when the quotient of complete locally
convex spaces or even topological groups is again complete has been investi-
gated several times in the literature (in most cases without using the language
of derived functors). In particular, it is a classical result that the quotient of
a complete topological group modulo a normal metrizable subgroup is com-
plete. (If the group itself is metrizable this follows from the Schauder lemma:
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the composition of the quotient map with the embedding of the quotient into
its completion is almost open and therefore open and surjective. The general
case can be deduced from this.)

Moreover, D. Wigner [72] considered the completion functor in the cate-
gory of abelian topological groups and obtained the analogous results of 4.2.1
and 4.2.2. Since the category of abelian topological groups does not have
many injective objects the derived functors ¢’* cannot be defined as in our
case. Wigner used so-called Yoneda groups for the definition of the derived
functors.
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We now consider locally convex projective I-spectra 2 = (X, gg), ie. 2 is
a projective I-spectrum consisting of locally convex spaces X, and continuous
linear maps 03. A morphism in this category is an “algebraic morphism” with
continuous components. The projective limit is endowed with the relative
topology of the product. A basis of % (Proj 27) is given by {(0*) 1 (U) : a €
I,U € % (Xa)}- As in section 3.3 we have:

Theorem 4.3.1 For a locally convex I-spectrum Z = (X4, Q%) the following
conditions are equivalent.

1.do 2 J[ Xa — II Xao, (@a)aer = (059(%ay) = Tag)ag<as is open

acl ag<ag
onto its range.

2. Vael,U€ %U(X,) B> Q%(Xg) Co*(Proj 2 )+ U.
3. For every exact sequence

0—Z2Z —% — % —0

of locally convex I-spectra the induced map Proj % — Proj Z is open onto
its range.

Proof. If 1. holds and U € %(X,) for some a € I is given there is a finite
set J C {(ao, 1) € I? : g < ay} =: I3 such that

II ©x JI Xe|nIm@)<Cd [Ux [[ Xao

(a0,1)€J (ao,c1) €I\ T ao€l\{a}

We choose 8 € I with > o and 3 > a4 for all (ag, 1) € J. Given 23 € 2

we set .
oy <
NRES {Qﬂxﬁl Y<B

0 else and = (24)yer-

Then there is y = (Yoo )ager € ] Xao With yo € U such that do(z) = do(y).
ap€el

This yields 0§75 — ya € 0*(Proj 27). Let now 2. be satisfied and

0— 2 Lo 9 %

be an exact sequence of locally convex [I-spectra with % = (Ya,ag) and
z = (Za,Tg). We may assume that X, is a topological subspace of Z,,
gg = 02‘|X5, and that g, is the quotient map Z, — Z,/X,. We denote
Proj(g) by g* : Proj% — Proj %. Given U € % (Proj &) there are « € I
and V € %(Y,) with (¢®)1(V + V) C U. We choose 8 > «a such that
03(Xp) C 0*(Proj 27) +V and W € % (Yj) with o (W) C V.

We show that ¢*(U) contains M := (77)71(gs(W)) N Im(g*) which is a
0-neighbourhood of Im(g*) with the topology induced by Proj Z since g3 is
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open. Given z = (zy)yer € M there are y = (yy)yer € Proj# and wg €
W with g,(yo) = 2, for all v € I and gg(wg) = y,. Hence, yg — ws €
ker(gs) = X and we can find v, € V and x = (2,),er € Proj 2" with
05(ys — wg) = Vo + To. We conclude z = g*(y — x) and y — x € U since
Yo — Lo :og(w5)+va evV4+V.

3. implies 1. by considering the particular exact sequence

0—>%L>90—>cokeri—>0

where % and i are as in the constructions preceding 4.1.3. O

Let us say Proj 2" = 0 if the conditions of 4.3.1 hold. As in section 3.3 this
is equivalent to PrL% = 0 for all sets M, where Pry; = ProjoH ;. It is easily
seen (e.g. via condition 2. or the general result 2.2.2) that Proj ™2~ = 0 implies
Proj % = 0 for every I-spectrum % which is a quotient of 2" (i.e. there is
an epihomomorphism from 2" to #'). Let

Oﬁe%L)yoz—(%yll—lhgzﬁ

be the injective resolution constructed in 4.1. We then have Proj*.%, = 0
for all £k € Ny since condition 2. is trivially satisfied for all & € Ny, hence
Proj* (keri,) = Projt(cokeri,_;) = 0 for all & > 1. Applying 4.3.1 to the
exact sequence

0 — keriy — Fj % ker(ipy1) — 0

we obtain that dy = Proj (i) : [ Xag — I Xa, is always
<..<

ag ag ap<...<ag-1

open onto its range for k£ > 1.
The next result is a variant of a theorem due to Wigner [72].

Proposition 4.3.2 Let & = (Xa,gg) be a locally conver projective I-

spectrum with Proj™ 2 = 0. If all spaces X, are complete and satisfy
€*(Xo) = 0 for all k > 1 then we have Proj* 2 = €*(Proj Z") for all
k>1.

Proof. The proof is by induction on k. We consider the exact sequence
0— 2 o SN S|

where as above, % is the spectrum consisting of the products [[ X, and
ap<a
the canonical projections and 2 is the cokernel spectrum.
It is easily seen that dy = Projip : Proj.%#; — Proj 2 has dense
range and by 4.3.1 dp is open onto its range, hence Proj % = @ where

Q = [] Xo/Proj 2. Applying € to the exact sequence
acl

0—>Pr0j%—>HXa—>Q—>O
ael
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we obtain the exact sequence

0 — Proj & — HXQ—>Pr0jQp—>C€1(Pr0j%)—>O
a€cl

since €*( [] Xa) = 0. On the other hand we apply Proj to
a€cl

0— 2 — %9 —Z% —0
and obtain the exact sequence

O—>Proj%—>HXQ—>Projff—>Proj1£”—>0.
acl

This gives ¢ (Proj 27) = Proj ' 2.
For the induction step we first note that Proj**12" = Proj*%. More-

over, & consists of Z, = [] Xa,/Xa and these spaces are complete (since
ap<a

¢'(X,) = 0) and satisfy €%(Z,) = €**1(X,) = 0 for all k € N.

As we have noted above, ProjT™% = 0, hence & satisfies the same as-
sumption as 2~ and we conclude from the induction hypothesis Proj*™ 2 =
Proj*(%) = €*(Proj Z) = €%(Q) = €*(Q) = €*+'(Proj Z). O

The following corollaries are immediate consequences. Note however that
they cannot be proved itself by the induction procedure above since Z, =

II Xao/Xa does not inherit all good properties form X,.

ap<la

Corollary 4.3.3 Let 2 be a locally convex projective I-spectrum consisting
of Fréchet spaces such that Proj™ 2 = 0. Then Proj* % = €*(Proj2’) for
all k > 1.

Corollary 4.3.4 Let 2" and % be projective I-(respectively J-) spectra both
consisting of Fréchet spaces such that Proj™ 2 = 0 and Projt% = 0. If

the locally convex spaces Proj 2 and Proj % are isomorphic then Proj* 2 =
Proj*# for all k > 1.

As in the countable case, we call a locally convex projective I-spectrum
2 = (Xa, 03) reduced if

Vael33>a VYy>3 05(Xp) C03(X,)
and strongly reduced if
Vael 3>a o5(Xp) C 0*(Proj Z).

Of course, strongly reduced spectra 2" are reduced and satisfy Proj™2 = 0.
Our next result generalizes the fundamental theorem 3.2.1.
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Theorem 4.3.5 Let 2 be a reduced locally convex I-spectrum consisting of
Fréchet spaces. If I has cardinality X,, then Proj*2 =0 for k > n+ 1.

Proof. The proof is almost the same as the one we chose to show 4.1.9. For
n = 0 we use theorem 3.2.1 and then the induction runs as before if we choose
f+Ix1— I such that § = f(«, ) satisfies § > «,d > 3, and in addition,

05 (Xs) € 09(X,) and g?(X(;) C gg(X.y) for all v € I with v > 6. O

We now want to calculate Proj* .2 for a locally convex I-spectrum repre-
senting a complete (LB)-space X = Proj 2". We assume that 2 is strongly
reduced and consists of Fréchet spaces. By corollary 4.3.4, Projk% only de-
pends on X and it is thus enough to calculate Projk?;’/ for a particular strongly
reduced spectrum % with Proj% = X = indX,, where X,, C X, 41 are Ba-
nach spaces with unit balls B,, C B,,;1. The canonical basis

J= {p (U miBn> : (Mn)men € NN}
neN "

of %(X) has cardinality (at most) |NY|, and defining Yy = (X,py) for U € J
we obtain a strongly reduced J-spectrum ¢ consisting of Banach spaces with
Proj? = X. In view of 4.3.5 it is not surprising that axioms about the
cardinality of NN enter the game. If we assume the continuum hypothesis
INN| = X; we conclude Proj*.2" = 0 for all k > 2. It remains to find Proj .2

Lemma 4.3.6 If the directed set I contains a smallest element 0 € I and
2 = (Xa, Qg) is a projective I-spectrum with injective spectral maps o, then
Projl2 = 0 if and only if for every (vo)acr € X& with x4 — 25 € 02(X4)
for all o < 3 there is z € Xo with o — 2z € 0°(X,) for all v € I.

Proof. We will use again the notation of theorem 4.1.3. If Proj'.2" = 0 and
(To)acr € X{ with 2, — 25 € 00(X,) for all @ < B is given we choose
Yy= (ya07a1)aoﬁa1 € H XOto with ng (yoémﬁh) =Ty —Tay - Then d; (y) =0,

apg<ag
hence there is 2 = (2o )acr € [] Xa with do(2) = (05°(2a,) = 2ao)a<ar = ¥-
acl
We conclude 0, (zay) — Zay = 0%, (2a,) — Ta, for all ap < o and z = g — 2o
satisfies x, — 2 € 0% (X,) for all a € I. Let now the condition of the lemma
be satisfied and y € ker(d1) be given. Then (z4)acs = (05 (Yo.a))acr € X¢
satisfies 2o — 25 = — 0% (Ya,5) € 0%(X4) for all @ < 8 and if we choose z € X
and 2z, € X, with (24 — 2) = 02(24) we obtain do((2a)acr) = ¥ O

The following proposition is a variant of a result due to F.C. Schmerbeck
[65]. We recall that if «, 3 are ordinal numbers then o < 3 if and only if « € 8.

Proposition 4.3.7 Let w be a limit ordinal and 2~ = (Xa,gg) be an w-
spectrum such that Proj ' 27 = 0 for every v € w where 27 is the y-spectrum
(Xa, Qg)a<v' We further assume that all spectral maps 03 are injective but



74 4 Uncountable projective spectra

not surjective, and that the cardinality of Xg is less or equal than that of w.
Then Proj ' % # 0.

Proof. Let f: w — X be a surjective map. We use transfinite induction
to construct a certain element (x4)aec, € X§. For v € w we assume that
(Ta)a<~y € X is already constructed with

1.Va<f8<7vy x4—x€ Xy (which is considered as a subspace of Xj) and
2. VO<ywithf+1l<y Fa<f+1 z,—f(B) ¢ Xa-

If v is a limit ordinal we use Proj! 2™ = 0 and lemma 4.3.6 to find z, € Xy
with z, — 2, € X, for all @ < 7. Then (24)a<~+1 still satisfies 1. and 2. since
every <~y + 1 with 8+ 1 <+ 1 already satisfies 5+ 1 < 7 as v is a limit
ordinal.

Let now v = §+1 be a successor ordinal. If there is o < 6 with zo — f(9) ¢
X we set £, = x5. Then (24)a<~+1 satisfies 1. and 2. Otherwise, we choose
r € X5\Xs41 (which is possible since 93, is not surjective) and set z, =
r+ f(6). For o < v we have x4 — 2y = (2o — f()) —7 € X0 + X5 C X, which
yields that 1. holds for (2a)a<~+1, and also 2. holds since x, — f(6) = ¢ X;.

Suppose now Proj' 2 = 0. Lemma 4.3.6 implies that there is z € X such
that o, — 2z € X, for all @ € w. Since f is surjective there is § € w with
z = f(0), hence z, — f(B) € X, for all a € w, a contradiction to 2. O

We will now show that “most” complete (LB)-spaces can be represented
as required in the proposition above. Recall that an (LB)-space (or, more
generally, a (DF)-space) has the dual density condition (DDC) if its bounded
sets are metrizable, for a detailed investigation of such spaces we refer to the
work of Bierstedt and Bonet [6]. We call a directed set I countably directed
if each sequence (ap)nen € IN has an upper bound o € T (i-e. a, < a for all
n € N.)

Lemma 4.3.8 Let (X,.7) be a complete (DF)-space with the (DDC). Then
there are a countably directed set I and a strongly reduced projective I-
spectrum X = (Xa, Qg) with Banach spaces X, and injective spectral maps
such that Proj & = (X, 7). If (X,.) is not normed the spectral maps can
be assumed to be non-surjective for a < 3, # [3.

Proof. Since X has the countable neighbourhood property, i.e. for each se-
quence (Uy,)nen of O-neighbourhoods in X there are U € % (X) and S, > 0
with U C S, Uy, it is easily seen that there is a coarser norm topology 7 on X
which induces the original topology on each bounded set. Let &/ = (Ay)nen
be a fundamental sequence of bounded sets in X. According to [51, 8.1.12]
the finest locally convex topology 7 () which coincides with 7 on all A,
has a basis % consisting of absolutely convex sets of the form

goBN ﬂ A, Ne, B
neN
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which are closed and bounded in (X,.7) (where B is the unit ball of the
norm giving the topology .7 and the closures are taken with respect to 7).
On the other hand, .7 (&) = . since (X,.¥) is a (DF)-space [51, 8.3]. Given

U,V € % with V C SU for some S > 0 we set Xy = (X, py) and denote by
0% the unique continuous extension of the identity map (X,pv) — (X, pv).
Since V is closed in .7 it is closed in (X, py), too. Hence Q‘L/f is injective by
[39, §18.4(4)]. Let us say U ~ V if U C SV and V C SU for some S > 0.
We define I = %/ ~ with the order « = [U] < [V] = gif V C SU for
some S > 0. Given a € I we choose some U with a = [U] and set X, = Xy
(as a locally convex space, X, is independent of the representative), and for
a = [U] < [V] = we set ¢§ = of. Then I is countably directed because of
the countable neighbourhood property and 2" = (X4, gg) has the required
properties.

Note that for a < 3, a # 3 the spectral maps 0% are not surjective because
of the open mapping theorem. O

Theorem 4.3.9 Let 2 be a strongly reduced locally convex projective I-
spectrum consisting of Fréchet spaces such that Proj 2 is a separable proper
(DF)-space with the (DDC). Assuming the continuum hypothesis we then have
Projt2 # 0 and Proj*2 =0 for all k > 2.

Proof. According to 4.3.4 it is enough to prove the result for a particular
spectrum, hence we may assume that 2" = (Xo,03) is as in lemma 4.3.8.
Since (X,.) = Proj 2 is a proper (DF)-space, I is not countable. On the
other hand I has some cofinal subset of cardinality |NN| = N;. Let thus w;
be the first uncountable ordinal and (&, ), <., be an enumeration of a cofinal
subset of I. We construct an wi-spectrum % = (YV,O'Z) with the properties
of proposition 4.3.7 by transfinite induction. We start with Yy = X,,. If the
v-spectrum %V is already constructed we set Y,, = Proj %" if v is an infinite
limit ordinal and Y, = Y, N X, if v = p+ 1 is a successor ordinal where
o > oy, is chosen in such a way that Y, is properly contained in Y},. With the
obvious spectral maps, % = (Y, O'Z) is a projective wi-spectrum consisting of
countable projective limits of Banach spaces, i.e. Fréchet spaces with injective
and non-surjective spectral maps. ¥ is a countable and reduced spectrum
of Fréchet spaces, hence satisfies Proj %" = 0 for each v < w; by theorem
3.2.1. Finally, the cardinality of Yy = X, is X; = |w1]| since X, is separable.
Proposition 4.3.7 yields Proj % # 0 and theorem 4.3.5 Proj*# = 0 for k > 2.

O

Corollary 4.3.10 Let X be a separable proper (DF)-space satisfying the
(DDC). Assuming the continuum hypothesis we then have €1(X) # 0 and
E*(X) =0 for all k > 2.

The corollary applies in particular to the space ¢ of finite sequences en-
dowed with the strongest locally convex topology. Moreover, it is easily seen
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that the property ¢!(X) = 0 is stable with respect to complemented sub-
spaces. Under the continuum hypothesis we obtain €*(X) # 0 for every
locally convex space X which contains ¢ as a complemented subspace, in
particular, €1(2) # 0. This answers problem 8 of [50, §12].



5

The derived functors of Hom

In this chapter we use the derivatives of the Hom-functor to investigate the
splitting of short exact sequences. This gives information about the existence
of continuous linear solution operators. 5.1 contains the general theory for
locally convex spaces, 5.2 is devoted to the case of Fréchet spaces, and in 5.3
it is shown that the space 2’ of distributions plays exactly the same role in the
splitting theory for projective limits of (LS)-spaces as the space s of rapidly
decreasing sequences does for Fréchet spaces.

5.1 Ext® in the category of locally convex spaces

Given a locally convex space E we consider the functor L(E,-) assigning to
a locally convex space X the linear space L(E, X) of continuous linear maps
from F to X and to a morphism (= continuous linear map) 7 : X — Y the
linear map T* : L(E,X) — L(E,Y), f — T o f. This covariant functor is ad-
ditive and injective. Since the category of locally convex spaces has sufficiently
many injective objects we can construct the derived functors Extk(E, -) using
injective resolutions. (The derivatives are traditionally denoted by Ext* since
they can be constructed as equivalence classes of extensions.)

Theorem 5.1.1 1. Let E be a locally convex space and

0—XxX-Lv Lz 0 an ezact sequence of locally convex spaces. Then
there is an exact complex

0— L(E, X) *)L(E Y) —>L(E Z) —»Ext (B, X) —

2. Let X be a locally convex space and 0 — E 5 F -4 G — 0 an ezact
sequence of locally convexr spaces. Then there is an exact complex

0— L(G,X) 2 L(F, X) 5 L(E, X) 25 BExt' (G, X) —
(where q. : L(G,X) — L(F,X), T — T oq etc.)

J. Wengenroth: LNM 1810, pp. 77-107, 2003.
© Springer-Verlag Berlin Heidelberg 2003



78 5 The derived functors of Hom

Proof. The first part is clear from the construction of Ext*(E, -). The second
part can be proved by diagram chasing. Let us sketch the construction of the
map 6, : L(E,X) — Ext'(G,X). We embed X into an injective object Iy
an obtain a commutative diagram

0 0 0

|

0 — L(G,X) — L(G,Iy) — L(G,I/X) — Ext'(G,X) — 0

| |

0 — L(F,X) — L(F,Iy) — L(F,Iy/X) — Ext'(F,X) —» 0

| |

0 — L(E,X) — L(E,Iy) — L(E,Io/X) — Ext'(E,X) —» 0

0

The rows are exact by the construction of Ext'(G, X) and the columns are
also exact (the second one since I is injective). Now, the construction of the
linear map 4, is canonical, and the maps Ext®(F, X) — Ext"™ (G, X) are
constructed similarly. O

We will now present the connection between the vanishing of Extl(E, X)
and splitting, extension, and lifting problems. For later use we do this in a
slightly more general setting.

Definition 5.1.2 A semi-abelian category is quasi-abelian if for each exact
sequence 0 — X ——Y 27— 0 the following conditions hold.
1. For each T : X — FE there is a commutative diagram
0O——>F——nF ——»7——0
i
0 X Y

with exact rows (this diagram is called push-out of T').
2. For each R : H — Z there is a commutative diagram

4, 7 0

q

0 X',y Z 0
e e
0—» X G H— 0

with exzact rows (this diagram is called pull-back of R).
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It is easily seen that the category of locally convex spaces is quasi-abelian,
for the push-out one takes F = (E xY) /L with L = {(T(x),i(z)) : ¢ € X},
and for the pull back G = {(h,y) € H xY : R(h) = q(y)}. In this case, one
can easily check that if T" is a topological embedding then so is T and the
cokernels of T" and T" are isomorphic, and if R is a quotient map then so is R
and the kernels of R and R are isomorphic.

Proposition 5.1.3 For two objects E, X of a quasi-abelian category the fol-
lowing conditions are equivalent.

1. FEvery exact sequence
0—X-5Y-LE—0

splits (i.e. q has a right inverse or equivalently, i has a left inverse).
2. For each exact sequence

0—X—Y-L7—0

and every R : E — Z there is a lifting R:E— Y, i.e. qo R=R.
3. For each exact sequence

0—C-“D-—E—0

and every T : C' — X there is an extension T:D— X, i.e. Toi=T.

In the category of locally convex spaces each of these conditions is equivalent
to Ext'(E, X) = 0.

Proof. The equivalence of 1. and 2., and 1. and 3. is easily seen using pull
back and push out. The equivalence of 2. and Ext' (E, X) comes from the first
part of 5.1.1. a

If X is a Fréchet space there is a close connection between Ext*(E, X) and
the derived functors of Proj.

Definition 5.1.4 A reduced countable projective spectrum 2 = (X, ol,) of
Banach spaces is representing for a Fréchet space X if Proj 2" = X.

A Fréchet space X is called locally E-acyclic (for a locally convex space E)
if X has a representing spectrum X = (X, ol,) such that Ext®(E, X,) =0
forallneN and k > 1.

Clearly, every Fréchet space has a representing spectrum and all repre-
senting spectra are equivalent. Moreover, a representing spectrum 2~ satisfies
Proj'2 =0 and Proj™2 = 0 since it is reduced.

If E is projective limit of a strongly reduced (not necessarily countable)
spectrum of projective Banach spaces, it is easy to see that every Fréchet
space X is locally E acyclic. In particular, this applies to complete nuclear
spaces F.
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Proposition 5.1.5 Let E be a locally convex space and X a Fréchet space
with a representing spectrum Z = (Xpn, 0.

1. Ext'(E,X) = 0 implies Proj'®% = 0 where % = (L(E, X,,), R%) with
Ry, (T) = gp o T.

2. If X is locally E-acyclic then Ext'(E, X) = Proj'@ (with % as above)
and Ext*(E, X) = 0 for every k > 2.

Proof. The sequence

0—>X—>HXn—>HXn—>0
neN neN

is exact in the category of locally convex spaces. Applying L(E,-) gives an
exact sequence

0— L(E,X) — [[ LE X,) — [] LE X.) —
neN neN

— BExt'(B, X) — [] Ext"(E, X,)) — -+
neN
This easily implies the assertions. O

Lemma 5.1.6 Let E be a locally convex space and X a Fréchet space with
representing spectrum 2 = (X, o). If either E or X is nuclear, then % =
(Ly(E, X,,), Rl is strongly reduced (where R (T) = o', oT and L(E, X,,) is
endowed with the topology of uniform convergence on the bounded subsets of

Proof. Let first X be nuclear. By passing to an equivalent representing spec-
trum for X (which causes a change to an equivalent spectrum for %) we may

assume X, = £°° and that g}, are all nuclear. Given n € N we choose m > n

such that o (X,,) € 0" (X) (which is possible since reduced spectra of Banach
spaces are strongly reduced). Since o, ; is nuclear there are ¢; € X/ ,; and

o0
r; € Xpy with Y7 [|@jllr1llzjllm < oo (where || ||, is the norm of X, and
j=1

| I;,41 the dual norm on X ;) such that o} ; = > ¢; ®x; (where ¢; ®z;
i=1
is the one-dimensional operator & — ¢;(§)x;). Let now T' € L(E, Xp,41) and

o0

U=TIU) e %(Ly(E, X)) be given. We obtain R (T) = > (p;0T)®x;
j=1
and R} (T) = > (pjoT) ® oy, (x;) where the second series converges in
j=1

o0
Ly(E, X,,). Hence there is | € N such that > (¢;0T)® 0" (z;) € $U. More-
j=l+1

!
over, there are y; € X such that Y (¢;0T)®@ (o (z;)—0"(y;)) € 2U. Defining
j=1
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!
S=>(pjoT)®y; € L(E,X) = Proj% we obtain R}, (T) — R"(S) € U,
j=1
hence & is strongly reduced.

If F is nuclear, the proof is similar. Given n € N we choose m > n as
above. For any T' € L(E,X,,) and U = I'(U) € %(E,X,) we can find a
continuous seminorm ¢ on E such that T' factorizes as a nuclear operator over
the completion E, of (E,q)/kerq, i.e. there are a nuclear operator T : E, —

Xm and 7 @ B — E, with Ton = T. There are p; € E; and x; € Xy,

with T = 3 ¢; ® x; and now, the same argument as above produces an
i=1
S e L(E,X) with R (T) — R*(S) € U. O

As a consequence, we obtain the following result of Palamodov [50, theorem
9.1].

Theorem 5.1.7 Let E be a (DF)-space and X a Fréchet space such that one
of them is nuclear. Then Ext®(E,X) =0 for all k € N.

Proof. We represent X = Proj 2 as the limit of a reduced spectrum of
Banach spaces. Since E is a (DF)-space, the spectrum ¢ from proposi-
tion 5.1.6 is formed by Fréchet spaces Ly(F,X,). Theorem 3.2.1 implies
Ext*(E, X) = Proj*% =0 for all k € N. O

Palamodov conjectured “it is natural to expect that the following propo-
sition ‘dual’ to theorem [5.1.7] is valid: Ext’(E, X) = 0, i > 1, if E is metric,
X is a complete dual-metric space, and one of them is a nuclear space”. The
obstacle which one meets is that there is seemingly no way to apply results
about the countable Proj functor to the problem, e.g. there is no canonical E-
acyclic representation X = Proj 2" as a countable projective limit. The only
Fréchet space for which we can provide a partial positive answer to Palam-
odov’s conjecture is £ = w = K. The following result was obtained jointly
with L. Frerick.

Proposition 5.1.8 Let X be a complete (DF)-space with the (DDC). Then
Ext'(w, X) = 0.

Proof. According to 4.3.8 we can represent X = Proj 2", where 2" =
(Xas Qg) is a strongly reduced I-spectrum consisting of Banach spaces and

injective spectral maps with a countably directed set I. Let i : X — [] Xa,
ael
x +— (0%)qer be the canonical embedding and ¢ : [[] Xo — Z =
acl

< H] Xa) /i(X) the corresponding quotient map. Since Ext! (w, HI Xao) =
ae ac
we obtain the exact sequence

0 — L(w, ( HX>—>LMZ)—>EXt1(w,X)—>0.
acl
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Hence, we have to show that ¢* : L (w, 11 Xa) — L(w,Z),S — qo S is
a€cl
surjective. Let therefore T' € L(w, Z) be given and denote the unit vectors in

w by ey,. Then there are ™ = (22)aer € [] Xo with ¢(z™) = T'(ey). Let B,
acl
be the unit ball of X,. Since ¢ is open and T is continuous we obtain

VEC I finite 3neN T([{ek:kzn}])gq [IB«x [[ X

aclE a€I\E

(where again, [A] denotes the liner hull of a set A). As the left hand side of this
inclusion is a linear space we can multiply with an arbitrary 6 > 0 without

changing the left side and thus obtain T'(ex) € dq( [ Ba x ][] Xa) for
ael acl\E
k> mn and § > 0, and therefore

VE>n0>03z=z206k eXVaecE zf—0%2z)edB,.

For «, f € E with o < 3 we thus get
0§ (xf) — x5 = 0f (¢ — " (2(6,K))) — (xa — 0™ (2(6,k)))
N (gg(aBﬁ) +6Ba) = {0}.
§>0

We have proved:
(x) VE CIfinite 3neNVEk>n, a,0€FE, a<f: gg(xg):x’;

We may assume that I has a smallest element 0 € I since otherwise we can
consider I = {a € I : a > ap} for some o € I. For n € N we define

I, ={a€el: ng’;:mgforallan}.

Applying () to {0,a} we obtain J,cyIn = I. And since I is countably
directed we find an ng € N such that I,,, is cofinal in I (i.e. for all o € I there
is 8 € I, with o < ) since otherwise there would be a,, € I not dominated
by any § € I, and considering an « € I with a,, < « for all n € N would
yield a contradiction to I = J,,cy In- Since I, is cofinal, the canonical map

X — Proj X,z (0°T)act,,

(where 2 is the restricted I,,,-spectrum), is an isomorphism. Given k > ng
and o, € I,, with a < 3 the injectivity of o2 yields gg(:rg) = 2 since
o (Q%(Z‘g) —x’;) = Q%(xg) — 0% (2%) = 0. Hence, there are 2z*¥ € X with
0%(2%) = zk for all k > ng and o € I,,,. We now set 2¥ = 0 for 1 < k < ny
and T(ey) == (2% — Qo‘(zk))ael for k € N, and we define
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T;L:[{ek;keN}] — I x.
ael

by linear extension. We show that T is continuous if L is endowed with the
topology induced by w. Given « € I we have to prove that 7, 0T : L — X,
is continuous where 7, is the canonical projection. There is n > ng such that
0% (xF) = xk for all k > n, and thus the injectivity of o0 yields x¥ = o%(2*),
since o, (z% — 0*(2%)) = af — xf = 0 for k > n. This implies the continuity
of my 0 T. _

Since L is dense in w we can finally extend T continuously to S : w —

][] X, and obtain go S = T since both operators are continuous and coincide
acl
on the dense subspace L. O

Remark 5.1.9 1. Let E be a topological subspace of w containing the unit
vectors and X a complete (DF)-space with the (DDC). The proof of 5.1.8
then shows Ext'(FE, X) = 0.

2. Let now E = & be the space of finite sequences endowed with the
topology of pointwise convergence, i.e. the relative topology induced by w.
Then Ext!'(®, X ) = 0 is related to a fairly weak completeness property of
quotients Y/ X. To see this we introduce a notion which also plays a significant
role in Vogt’s investigation of splitting theorems for Fréchet spaces in absence
of continuous norms [66].

Definition 5.1.10 For a locally convexr space (X, 7) we denote by T°F
the group topology on X having {ker(p) : p € cs(X, 7)} as a basis of the 0-
neighbourhood filter. 7% is called associated seminorm-—kernel topology.

(X,.7) is (sequentially) sk-complete if (X,.7°%) is a (sequentially) com-
plete topological group.

Considered as a functor acting on the category of locally convex spaces
with values in the category of abelian topological groups, the assignment of
the associated seminorm—kernel topology is of injective type, but we will not
investigate its homological properties. We have the following simple result.

Proposition 5.1.11 Let @ be the space of finite sequences endowed with the
relative topology of w.

1. A locally conver space X is sequentially sk-complete if and only if every
continuous linear operator T : ® — X has an extension T : w — X.

2. If0 — X — Y -5 Z — 0 is an exact sequence of locally convex
spaces and Y is sequentially sk-complete then Extl(@),X) = 0 implies that
7 1is sequentially sk-complete.

Proof. Let .7, be the topology of w = [] K. Then .Z* is the topology of
neN

[] K4 where K is the field endowed with the discrete topology. Let now

neN



84 5 The derived functors of Hom

(X,.7) be sequentially sk-complete and T : & — (X,.7) a continuous linear
map. Since T is also continuous as a map (@, Tk N 45) — (X, 7°) and &

is dense in (w,.Z5*) there is a unique continuous extension 7T : (w, Z:%) —
(X, 7°k) which is easily seen to be linear and continuous as a map (w, 7,) —
(X, 7).

If on the other hand (X,.7) has the extension property as in the lemma
and (2, )nen is a Cauchy sequence in (X, 7°F) we define T : & — X by
T(e,) = & — p—1 (where e, are the unit vectors and zy = 0) and linear
extension. Then 7 is continuous and if T : w — X is the continuogus extension

it is easily seen that (2, )nen converges in (X, 7%) to z = T( Y. en).
n=1
To prove the second part, let T': @ — Z be a continuous linear operator.

Since Extl@, X) = 0 the second part of proposition 5.1.3 implies that there
is a continuous linear S : @ — Y with go S =T If S is an extension of §
then g o S is an extension of T, and part 1. of the proposition implies that Z
is sequentially sk-complete. O

Proposition 5.1.12 Let X be a separated sequentially sk-complete locally
convex space with Ext' (w, X) =0 . Then X is complete.

Proof. If X is incomplete we can find = € X \X which gives rise to an exact
sequence

0—X -2y L Ky—0

where Y = X + [2] is endowed with the relative topology of X and Ky is the
filed K endowed with coarsest topology {0, K}. The sequence is exact since X
is dense in Y. By considering a Hamel basis of w containing the unit vectors
it is easy to find a linear non-zero operator T : w — K with T'|¢ = 0. Then
T :w — Ky is continuous and proposition 5.1.3 implies that there is a lifting
S € L(w,Y) with go S = T. Since g o S(®) = {0} there is R € L(®, X) with
io R = S|s (where again @ is considered as as topological subspace of w). Let
Re L(w, X)) be the extension of R. Then ioR and S are continuous operators
on w which coincide on the dense subspace @, hence i o R = S because Y is
separated. This yields T'=qo S = goio R = 0, contradicting the choice of
T. O

Combining this with the results of chapter 4 we obtain a partial answer
to Palamodov’s question mentioned above.

Proposition 5.1.13 Let ¢ be the space of finite sequences endowed with the
finest locally convex topology. Assuming the continuum hypothesis we have
Ext?(w, ) # 0.

Proof. We represent ¢ (which is certainly a complete (DF)-space with the
(DDCQ)) as a projective limit as in the proof of 5.1.8 and obtain the exact
sequence
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00— p— H Xo — 2 —0
acl

This implies Ext?(w, ¢) = Ext! (w, Z) since Ext®(w, [ X4) = 0 for all k € N.

acl
Let again @ be the space ¢ with relative topology of w. Then Ext!(®, ) = 0
by the first part of 5.1.9 and the second part of 5.1.11 implies that Z is
sequentially sk-complete. On the other hand, Z is incomplete by 4.3.9, and
5.1.12 yields Ext!(w, Z) # 0. O

The space w is the only Fréchet space to which the techniques developed
here apply. However, Palamodov’s question as stated is completely solved
(under the continuum hypothesis) in [68]. There is a normed space E such
that Ext'(E, X) # 0 for each infinite dimensional nuclear (DF)-space X.
Moreover, for nuclear (DF)-spaces X the higher derivatives Ext"(E, X) all
vanish for £ > 3 and each locally convex space E.

Let us make one more remark about Ext'(FE, X) where E is a nuclear
Fréchet space and X a nuclear (LB)-space. According to 5.1.3 Ext*(E, X) =0
is equivalent to the splitting of all exact sequences

0—X—Y —F—0.

If Y has some reasonable properties, e.g. if Y is an (LF)-space or a strongly
reduced projective limit of (LB)-space, then one can indeed show by ad hoc
methods that such an exact sequence splits. There is however no general
“three space theorem” which allows to conclude that Y is an (LF)-space or a
projective limit of (LB)-spaces, hence the general problem remains open.

In view of applications to splitting results, assumptions about the space Y’
are harmless: Y is the domain of the operator under consideration and gen-
erally known. In the following sections we will therefore investigate splitting
results in smaller categories.
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This topic has quite a long tradition in what is called structure theory of
Fréchet spaces. We will present here only one theorem which is a variant of a
characterization due to Vogt [63] and Frerick and the author [29] where results
about the derived projective limit functor are applied. The case of sequence
spaces was solved by J. Krone and Vogt [40].

Let E and F be Fréchet spaces. We represent F' as the limit of a reduced
projective spectrum % = (F),, ol',) consisting of Banach spaces (F,, || - ||n)- If
we confine ourselves to the case where F' is locally E-acyclic we obtain from
proposition 5.1.5 that Ext!(E, F) = Proj }(L(E, F,), R%,) and Ext*(E, F) =
0 for k > 2. The spaces Y,, = L(E, F,) can be endowed with (LB)-space
topologies (the associated bornological topologies to the topologies of uniform
convergence on the bounded subsets of E), hence the results of section 3.2
lead to characterizations of Ext!'(E,F) = 0. For instance, theorem 3.2.16
immediately gives Ext!'(E, F) = 0 if and only if

VneN 33U, € %(E),m>nVTE¢cL(E,F,) 35 € L(E,F)

sup {|[(e, o T = 0" 0 S)(@)[[n : v € Un} < 1.

This characterization is not yet easily applicable since it requires a very strong
approximation of all operators from E to F,. However, in several cases the
conditions from theorem 3.2.14 can be turned into a set of inequalities which
allows evaluation in concrete cases. The conditions below are variants of no-
tions introduced by Vogt [63].

Definition 5.2.1 A pair (E, F) of Fréchet spaces satisfies (S5) if there are
fundamental systems (| - |N)nen and (|| - ||ln)nen of seminorms for E and F,
respectively, such that

VneNIm>nVk>mINeNVM>NIKeN,S>0

Vae B, feFy |l @il < S(lallflli + loX @)l 7117

where Ex is the Hausdorff completion of (E,| - |x), oM are the canonical

maps, and F = {f € F': |[f|[5, := sup{|f(y)] : [lyllm <1} < oc}.
If these inequalities only hold for f € F the condition is called (S3).

Note that the “dual norm” || f||% takes the value +o0 if f does not belong
to Fx. If of¥ (x) # 0 the inequality in (S3) is then trivial.

Vogt [63] used a similar condition (S5) where N should be independent of
k. Since the importance of these conditions is mainly due to their sufficiency
for Ext'(E, F) = 0 we prefer to formulate the results with (S3). A posteriori,
both conditions are equivalent.

It is easy to see that (S3) as well as (S3) are invariant under a change
of the seminorm system for F, one can even take any representing spectrum
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& = (En,ol;) for E. The same holds for (S3) if the seminorms (or the
representing spectrum) of F are changed, but contrary to a claim in [63, page
175] the analogous remark does not apply to (S35) or (S3) as the example in
5.2.3 below shows. Thats why one has to formulate (S%) with the existence
quantifier for the seminorms.

Let us recall that a Fréchet space X is countably normed (a quojection) if it
has a representing spectrum 2" = (X,,, o",) with injective (surjective) spectral
maps. Note that passing to another representing spectrum may destroy the
injectivity (surjectivity) of the spectral maps. The following result is contained
in [63].

Proposition 5.2.2 Let (E, F) be a pair of Fréchet spaces.

1. Ext*(E, F) = 0 implies that (E, F) satisfies (S%).

2. If E is not countably normed, then (S3) holds if and only if F is a quo-

jection.

3. Extl(E, F) =0 holds for every quojection F which is locally E-acyclic.

4. If E is countably normed, the pair (E, F') satisfies (S3) if (and only if ) it

satisfies (S3).

Proof. We begin with some general considerations. Let .# = (F,, o) be
the representing spectrum for F' given by the Hausdorff completions F;, of
(F,|| - ||ln) and the canonical maps. Assuming Ext'(E, F) = 0, proposition
5.1.5 implies Proj* (L(E, F,,), R?) = 0 where R" (T) = ¢ oT. Since L(E, F},)
can be endowed with the (LB)-space topology indy [B,, n]| with

Bpn = {T € L(E,F,) : sup{||Tz|| : = € Uy} < 1}

where (Un)nen is a basis of % (F), the remark following theorem 3.2.18 tells
us that the spectrum (L(E, F,,), R},) satisfies (P3), i.e.

m

VneNIm>nVk>mINeNVM>NIKeNS>0

Ry (Bmoar) C S(RZ(BIC,K) + Bn,N)~

According to [63] we call this condition (S3). Let us show that it implies the
following property (S3) :

VneNIdm>nVk>mINeNVM>NIKeNS>0Vee Ex

o3 (@) s 03 (Vin) € S (|l 0 (Vi) + o (@) V)

where & = (En,0}}) is any representing spectrum for E and V,, is the closed
unit ball of F,. Of course, we may assume

Uy ={r € E:|o"(z)|y <1}.

Let n <m <k, N<M <K and S > 0 be as in (S3). We may assume that
oB(E) is dense in Ef (otherwise we prove condition(S3) for some K > K
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such that o (E) is dense in Ug (Ex)). Given z € Ex and y € Vj,, we choose
¢ € E}y; with [p]}; < 1and ¢ (0 (z)) = |0 (@)|ar. We define T € L(E, F,,)
by T(&) = ¢ (6™ (£)) y and obtain T' € B, a. Hence there are P € By, i and
Q € B,y with o], o T = S(g} o P+ Q). Now, we choose a sequence & in E
with 0% (&) — x in Ex and obtain

@)l 0) = i g o) = 5 ((Jim o o P6) + fim Q&)

where all limits exist since T, P and @) are continuous with respect to the
seminorm |o¥ (-)| on E. It is elementary to check

lim P(&) € [olie Vi and Jim Q(&) € oY ()| U

which proves (S3). As a next step we show that (Ss) implies that F is a
quojection whenever FE is not countably normed. Indeed, in this case we have

() VWNeENIM>NVEK>M ker(o}) #ker(oX)

since otherwise it would be easy to construct a representing spectrum for E
with injective spectral maps. Let n < m < k and N be as in (S3) and choose
M € N according to (x) and again K € N and S > 0 as in (S5). Now, (%) gives
an z € Ex with o (x) # 0 and o (x) = 0. This implies o7, (V;,) C Cof (Vi)
with C = S|z|x (|a%(m)\M)71 hence o7} (Fp,) = o} (Fk). This yields that F
is quojection.

Now, we are ready to prove the proposition. Part 4. is simple because if
is countably normed the inequalities in the definition of (S%) become trivial
for f ¢ F* if we choose the seminorms ||y is such a way that o3} are injective.

To prove 1. we first note that (Ss) implies (S3). If E is countably normed,
4. gives (S3). If E is not countably normed, (Ss) implies that F is quojection
and this yields (%) if we choose seminorms || - ||, on F' such that the canonical
maps between the Hausdorff completions become surjective hence open. Then
| fll5, < C"- || flly for all f € F} and some constant C’ depending only on m
and k and the inequalities in (S5) are thus trivial.

For the second part we still have to show that F' is a quojection whenever
(E, F) satisfies (S3) for some non-countably normed space E. But it follows

exactly as above that we then have
VneNdIm>nVk>m Ia>0V ek |fln <calfl

Hence there is a strictly increasing sequence (n;);en of natural numbers such
that F is a topological (hence closed) subspace of Fy .., Using the closed
range theorem we can then deduce that F' is a quojection.
Finally, it is easily seen that for an E-acyclic quojection F' the projective
spectrum (L(E, F,,), R}) is equivalent to a spectrum with surjective spectral
maps hence Proj ! vanishes on this spectrum. Together with proposition 5.1.5

this proves 3. O
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Remark 5.2.3 The same argument as in the above proof shows that for
a non countably normed space E condition (S3) implies that F’ is a strict
(LB)-space, i.e. it has some representation F’ = ind Z,, with Banach spaces
Zy, such that Z,, is a topological subspace of Z,, 1. These spaces need not be
the duals of F}, and thus, it is not possible to apply the closed range theorem
to deduce that F is a quojection (one only gets that F” is a quojection). In
fact, according to a result of E. Behrends, S. Dierolf and P. Harmand [4] there
exist Fréchet spaces F' which fail to be a quojection but yet having a strict
(LB)-space as the dual (such spaces are called prequojections). It is easy to
see that for a prequojection F' the pair (w, F') satisfies (S3) but not (53) and
we get from the first part of 5.2.2 Extl(w, F) # 0. This clarifies a complaint
of the reviewer of [29] in the Mathematical Reviews (MR97g:46095).

Let now (Y, || - ||) be any Banach space and p a strictly coarser norm on
Y. Then F = YV is a quojection and we have Ext'(w, F) = 0. However, if we
take

n—1 N
lwienlln =Y llull + plyn) and |(z)ien|n =Y |zl
=1 =1

as fundamental sequences of seminorms on F' and F = w, respectively, the
inequalities of condition (S%) do not hold for these seminorms although (w, F')
does satisfy condition (S%).

As a preparation for the main theorem of this section we now prove a
variant of [63, lemma 3.3].

Lemma 5.2.4 Let E be a non-normable Fréchet space and F' a Fréchet space
such that (E, F) satisfies (S3). If & = (E,,0;) and F = (F,, o%) are repre-
senting spectra for E and F we have

VneNIm>nVE>m INeNVM>N,e>03dK>M,5>0

Vo € By, f € Fy ok (@)|mllf o ofulli < Slalxllf o ok + elok (@)1 £

Proof. We first show that the spectrum .# satisfies
(Q) YneN3In>nVk>n,d6>03C >0V fekF)

I1f o 0illz < CIIf o oglli + OlLfI-
Indeed, for n € N we take n = m from (S3) and choose for k > n again N € N
from (S§) and M > N such that |0V (-)|y and|o™ (-)|ps are not equivalent on
E. Once more we use (S3) to get K > M and S > 0. Given ¢ > 0 there is
x € E with

K
abal’s we obtain

N —1 M .
0 <|o™(x)|x <687 |oM(x)],, . With C = S|0Nx|N

1f o eills < Cllf o ol + ol f1I5-
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Now we prove the assertion of the lemma. If n € N is given we apply (53)
to n and obtain m > n. Given k > m we get N € N. For M > N we choose
again S > 0 according to (S3), and given £ > 0 we use (Q) to find C > 0
according to 0 = ¢/S. For f € F) and « € Ex we obtain

o (@) | allf 0 0% 0 o 1%,
< Szl || f o 0 0 o}l + SloX (=) vl f o k%
< Szl f o op i + SCloR (@) nllf © oplly + elo (@) IF1I%
< Slalxllf o oIk + eloR @) v £ 115,

where S = (1 + C)|o¥| and |o¥] is the norm of the operator o¥. O

Theorem 5.2.5 Let E and F' be Fréchet spaces such that E is nuclear. Then
Ext'(E, F) = 0 if and only if (E, F) satisfies (S5).

Proof. If F is not countably normed the result is covered by proposition 5.2.2,
and it is obvious if £ is normable (hence finite dimensional). We first show
that the condition in the previous lemma implies (S3):

VneNdIm>nVE>m INeNVM>N,e>0dK>M,5>0

Vo € Bx |0k ()|, (Vi) C Slalk ok (Vi) + elok (2)|nVa,

where (Ey,od;) and (F,, o) are representing spectra for E and F, respec-

tively, and V,, are the closed unit balls of F},. Indeed, with the same quantifiers
as above, lemma 5.2.4 gives

allf o @l < bllf o elly + el £l

for all f € F!, where a = |0 (2)|n, b = S|z|K, ¢ = e|o¥ (x)|x are either all 0
or all positive since F is countably normed and thus, o can be assumed to
be injective. This yields (with g=t := (g%)~!)

1 o 1 n\—t o n \—t o

V03 ) € (e (V)

ISEEN

and since ((o2) " (V,5,

m

))° = 0™ (V;n)°° the theorem of bipolars gives

a F,

0 (Vin) € b (Vi)™ + eV°

" Cbof (Vi) + 2¢Vi,.

This implies (S3) (with S = 45).

By passing to an equivalent representing spectrum of E we may assume
that all Ex are Hilbert spaces (with scalar products (-,-)x) such that o™V (E)
is dense in Ey, and that the spectral maps are Hilbert-Schmidt operators. As
before, we denote

B,y ={T € L(E,F,) : sup{||T||,, : |o™ (2)|x < 1}}.
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We will show that with the same quantifiers as in (S3) we have
R (Bpm.) C SRy (Br,k+1) + €Bp N1

with § = Suy(ofe,y) and & = evp(oqy,,) where va(-) denotes the Hilbert-
Schmidt norm.

We choose a complete orthonormal system (e;);c; in Fxy1 and an or-
thonormal system (f;)ier in Fn41 such that

N
o =D il e r fi
iel

with positive constants a;. Let T' € B,,, »s be given and let T: Ey — F,, be
its unique factorization (i.e. T =T o o™). Since T is a contraction we have

ui =T} 41(ed)) € lok 1 (e)lr Vim
and (S3) implies the existence of
v; € Slof 1 (e)|x Vi and w; € g|oR 1 (ei)|n Vi

with o}, (u;) = o} (vi) + w;. We now define operators

V:Exky1 — Fpby V(z) = Z(a:,ei>K+1vi, and

el

1
W EN+1 — Fn by W(J?) = Z a—<l‘, fi>N+1wi-
icr "

These are indeed continuous linear operators since for z € Fg 11

> lae) kalllville < S e, e xallok s (ed)x

el el
1 1
2 2
< (Z |<$’€i>K+1|2> (Z |O’§+1(€i)|%<> = S|zl 1va (0K 41) 5
el i€l

and since U%E(ei) = a; f; we have for x € En 41

1 1
> ;N% Fynrllwilla <€) ;Nﬂ?, fionsllog i (ed)n

K2 K2

el el
=e> [z, fiynlloN i (Fi) v < elzlngrra(on ).
el

Given x = Y (z,e;)k+16; € Ex+1 we have
i€l
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w (U%E("E)) = Z@Ca ei)k+1W(aif;) = Z(ﬂc, i) k+1w; and

iel iel
Vi(z) = Z@v ei) 1V (ei) = Z@% €i) K+1i,
iel i€l

which implies T o o =V+Wool,,.

Defining Vo = Voo™t and Wy = W QVJN we obtain the desired decom-
position o), o T = gt o Vo + Wy with Vi € SBy k41 and Wy € By, n41. Since
every bounded set in Ly(E, F,,) is contained in some B,, y which are Banach
discs we can apply theorem 3.2.14 and obtain Proj'(L(E, F,,), R?,) = 0 and
thus Ext'(E, F) = 0 by proposition 5.1.5. o

Let us remark that metrizability of E in the theorem above is used only
for the necessity of (S3). The application of 3.2.14 only requires the sets
B, v :={T € L(E,F,) : sup{||Tz|,, : © € U} <1} to be Banach discs which
is implied by the completeness of F,,. Thus, the proof of 5.2.5 shows the
following result:

Theorem 5.2.6 Let E be a nuclear locally convex space and F a Fréchet
space such that

VneNIm>nVk>m 33U € %E)VV € %(E) 3W € %(E)

VaeBw oy (@)|ven(Vin) C lelwor (Vi) + o (@)luVa

where (Ew, |- |w) is the Hausdorff completion of (E,pw ), oV are the canon-

ical maps, and F = (F,, o) is a representing spectrum for F consisting of
Banach spaces F,, with unit balls V,,. Then Extk(E, F)=0 forallk > 1.

Remark 5.2.7 Theorem 5.2.5 also holds for pairs (E, F) of proper (i.e. non
normable) Fréchet spaces where either E = A(A) (a Kothe space of order 1)
or F' = A\*°(B) (a Kéthe space of order co) or F is nuclear. The proofs are
very similar and differ from the one for 5.2.5 only in the decomposition of
T € By, v (which is simpler in the case of Kothe spaces and a bit harder in
the case where only F' is nuclear). The details can be found in [63].

The results in 3.3.4, 3.3.6, and 5.1.5 relate Extl(E, F) =0 to barrelledness
properties of the space Ly(E, F). For instance, if E is nuclear and countably
normed then L,(E, F) is barrelled or ultrabornological if and only if (E, F)
satisfies (S%). Similar results had been obtained by Grothendieck [32], Krone
and Vogt [40] and Vogt [61].

Let us recall that a Fréchet space E with fundamental sequence (|| - ||+ )nen
of the continuous seminorms satisfies (or belongs to the class) (DN) if

INENVM>NIK>M,C>0VxeE |3 <Olz|xlz|n,
and it satisfies (or belongs to the class) (£2) if

VneNdm>nVk>m3ID>0,a>0V feckE
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(1F 1) < DIFIE (FI)

These conditions play a prominent role in the structure theory of Fréchet
spaces. It is easy to check that the space

5= {(xj)jeN e KV : ||z, :=sup |5"z;| < oo for all n € N}
JEN

satisfies (DN) as well as (£2), that (DN) is stable with respect to subspaces,
and that ({2) is stable with respect to quotients. Theorem 5.2.5 covers the
classical splitting result for Fréchet spaces with (DN) and (£2) [59, 67].

Corollary 5.2.8 Let E be a nuclear Fréchet space with (DN) and F a
Fréchet space with (£2). Then Ext'(E, F) = 0.

Proof. Let (|- |n)n and || - ||, be fundamental sequences of seminorms for F
and F respectively. We will show condition (S%) for (E, F). For n < m < k,
a and D as in (£2) we take N € N from the definition of (DN). Iterating
condition (DN) shows |z|2; < Cla|x|z|% ! for some K > M and C > 0.
Using this it is easy to find K > M and C' > 0 such that |2|}f* < Clz|k|z|$
forallz € E. For x € E, f € F' we then have

2wl fll7 < (CD+ 1) (2w [ 1% + 2N [ £115) -

Indeed, this is obvious if ||| fIl%, < |z|n||f|ln and otherwise we multiply
the (£2) and modified (DN) inequalities to obtain

([2[arll F117)" " < CDlal k| f17 (el w L FI5)™ < CDlelw || £l (larllf117)"

which shows |z, ||f||:, < CD|z|k| f||;- By continuity, we get the same in-
equality for every x € Ek, the completion of the normed space (E, |-|x). Now
the result follows from theorem 5.2.5. O

There are several further splitting results for Fréchet spaces. For instance,
corollary 5.2.8 holds without any nuclearity assumption for hilbertizable
Fréchet spaces (i.e. projective limits of Hilbert spaces), this is contained in
the book of Meise and Vogt [45, §30], or more generally, if F is (a projective
limit of Banach spaces) of type 2 and F' is the bidual of a projective limit of
Banach spaces with duals of type 2, which is due to Defant, Domanski and
Mastylo [22]. Moreover, condition (S%) allows further evaluation, if E or F
are power series spaces, see [63].

For later use and for the sake of comparison we will deduce from 5.2.5 some
results about the structure of nuclear Fréchet spaces. The first result (due to
Vogt and Wagner [67]) follows from corollary 5.2.8 since (DN) is stable with
respect to subspaces and ({2) is stable with respect to quotients.

Corollary 5.2.9 If E is isomorphic to a subspace of s and F is isomorphic
to a quotient of s then Ext*(E, F) = 0.
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Together with the Komura—Komura theorem [38] (every nuclear Fréchet
space is a subspace of s") and Pelczyniski’s decomposition trick this yields the
next result taken from [23] and [67].

Corollary 5.2.10 Let E and F be Fréchet spaces.
1. If E is isomorphic to a subspace of s then there exists an eract sequence
0—F—s—s—0.
2. If F is isomorphic to a quotient of s then there exists an exact sequence
0—s—s— F—0.

3. If E is isomorphic to a subspace of s and to a quotient of s then E is
isomorphic to a complemented subspace of s.

Proof. Since this result is essentially contained in §31 of the book [45] we only
sketch the proof for the reader’s convenience. One first uses Borel’s theorem
[45, 26.29] to find an exact sequence

0—s—s—KVY—0

and this yields an exact sequence

N

0—s—s—s —0

by considering spaces s(X) of vector valued rapidly decreasing sequences [45,
31.3]. Using the Komura—Komura theorem [45, 29.9] one gets that for every
nuclear Fréchet space G there are a subspace G of s and an exact sequence

0—s5s—G—G—0.

If E is a subspace of s and G = s/E, the pull back procedure together with
the remark after after definition 5.1.2 gives the following diagram with exact
rows and columns:

0 0
0 s G s/E 0
s s 0
o)
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The second row splits by 5.2.9, hence H 22 s x s 2 s. Form this we first deduce
part 3. If F is also isomorphic to a quotient of s the first column splits by
5.2.9, hence F is a complemented subspace of H = s. B

Going back to the case where E is only a subspace of s we deduce that G
is isomorphic to a subspace and to a quotient of s hence G is isomorphic to a
complemented subspace of s by 3. Forming the product of the first row with
the trivial sequence

0—>si—d>s—>0—>0

we get an exact sequence
0—s—Gxs—s/E— 0.

If K is a complement of G in s we obtain with Pelczynski’s decomposition
method

X (G) x s(K)

S.

G x s(s) =
s(G) x s(K)

Gxs

1

(Gx K)~G
(s

s X s
$(G x K) = s(s) =

I

This proves the second part, and the first is obtained in the same way if we
form the product of the first column of the diagram with

0—>0—>si—d>s—>0

O

Note that the full strength of 5.2.9 was only used to prove the third
part. Parts 1. and 2. follow from 3. and Ext'(s,s) = 0. (However, since
Ext?(E, F) = 0 holds for all nuclear Fréchet spaces by proposition 5.1.5 one
can deduce corollary 5.2.9 from Extl(s,s) = 0 using the long cohomology
sequences from theorem 5.1.1.)

In the next section we will prove a complete analogon of corollary 5.2.9 in
the category of (PLS)-spaces, i.e. countable projective limits of (LS)- spaces,
where the space 2’ = (s')N plays the role of s. The proof is just the other way
round. The analogon of the third part of 5.2.10 is a theorem of Domanski and
Vogt [24] from which one can deduce the second, and this finally yields the
desired splitting theorem for subspaces and quotients of 2.
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In this section we investigate the splitting of (topologically) exact sequences
0—F—G—FE—0

where E,F,G are (PLS)-spaces, i.e. countable projective limits of (LS)-
spaces. The splitting of all such sequences is denoted by Extl (FE,F) = 0.
Note the difference to Ext!(E, F) = 0 which is equivalent to the splitting of
all these exact sequences where G is any locally convex space.

We start with some properties of the category of (PLS)-spaces as in [25].
We use the fact that the class of (LS)-spaces is stable with respect to closed
subspaces, quotients, and finite products, which implies that the category of
(LS)-spaces and continuous linear maps is quasi-abelian (the pull back is a
closed subspace of a product and the push out is a quotient of a product,
as we have seen after 5.1.2). An algebraically short exact sequence of (LS)-
spaces with continuous maps is automatically topologically exact (which fol-
lows e.g. from the Kéthe-Grothendieck open mapping theorem), and it splits
if and only if the dual exact sequence of Fréchet spaces splits (the transposed
of a right inverse is a projection). The duality between complexes of (LS)-
spaces and complexes of Fréchet—Schwartz spaces is thus “perfect”, more in-
formation about duals of exact sequences is contained in chapter 7.

Proposition 5.3.1 Closed subspaces and complete quotients of (PLS)-spaces
are again (PLS)-spaces, and the category of (PLS)-spaces is quasi-abelian.

Proof. Let X be a (PLS)-space and 2~ = (X, 0}},) a strongly reduced
spectrum of (LS)-spaces with Proj 2" = X. If E is a closed subspace of X,
we set B, = o*(E) " and o7 = o%|g,. Then & = (E,,0") is a spec-
trum of (LS)-spaces with Proj& = E. Moreover, # = (X, /E,, "), where
™ Xm/En — X, /E, is the mapping induced by o7, is a spectrum of
(LS)-spaces, such that X/E — Proj.%, x + E — (0"(x) + Ep)nen is an
isomorphism onto a dense subspace of Proj.%. If X/FE is complete, we obtain
X/E = Proj #. As we have said above, the pull back (in the category of
locally convex spaces) is a closed subspace of a product of two (PLS)-spaces,
hence itself a (PLS)-space. If

0—X—Y —27—0

is an exact sequence of (PLS)-space, and T : X — FE is a morphism we
obtain the push out in the category of locally convex spaces

0O——F—>F —7—>0

]

0— X —Y —7—>0



5.3 Splitting in the category of (PLS)-spaces 97

where F' is a quotient of the (PLS)-space E x Y. Since E and Z are com-
plete and completeness is a three space property (this follows e.g. from the
considerations in section 4.2), F' is complete and therefore also a PLS-space.

O

Let us note that proposition 5.1.3 applies to the category of (PLS)-spaces,
i.e. the splitting condition we took as the definition of Ext}l, (E, F) is equiv-
alent to the lifting and extension properties in 5.1.3. This easily implies that
the class of (PLS)-spaces F with Ext}, (E, F) = 0 is stable with respect to
countable products.

We now show that short exact sequences of (PLS)-spaces induce exact

sequences of corresponding spectra.

Proposition 5.3.2 Let (x) 0 — X — Y — Z — 0 be an ezact se-
quence of (PLS)-spaces. Then there are strongly reduced spectra X ,% , % of
(LS)-spaces and a sequence

0— 2 —% —%—0

which is exact in the category of locally convex spectra such that (%) is the
projective limit of this sequence. Moreover, if 3&7/,@, Z are strongly reduced
spectra of (LS)-spaces having X,Y, and Z, respectively, as projective limits
we can take either ¥ =¥ or X and ¥ as subsequences of X and Z.

Proof. If % = (Y, 00,) is a strongly reduced spectrum with Proj% =Y we
can take 2 and % as the spectra consisting of X,, = im(o”) and Y,,/X,,.
Since strongly reduced spectra of (LS)-spaces are equivalent by proposition
3.3.8, we have factorizations

Xm

|

T

Zy,

As we have noted above, the category of (LS)-spaces is quasi-abelian and we
can thus use pull back and push out to obtain

0— 2 —% — % —0

where 27 and 2 are subsequences of 2 and é’?/, respectively. O

The aim of this section is to show that the (PLS)-space (s')Y plays the
same role for the splitting in the category of (PLS)-spaces as s does in the
category of Fréchet spaces. This is important for distribution theory, because
for any open subset 2 C RY the space 2'(§2) of distributions (in the sense of
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L. Schwartz) is isomorphic to (s")N. We will not need this result of Valdivia
[67] and (independently) Vogt [60]. Nevertheless we will use the abbreviation
9" .= (s')N. The first splitting result is simple:

Theorem 5.3.3 If E is isomorphic to a subspace of 9’ and F,, are isomor-
phic to quotients of s’ then Ext? (E, I] Fn) =0.

PLS
neN

Proof. By what we have said after 5.3.1 we only have to show Ext}, (FE, F) =
0 for a quotient F of s’. There is a strongly reduced spectrum & = (E,, o)
consisting of subspaces of s’ with Proj& = E. If now

0—F-““ag- % E—0

is an exact sequence of (PLS)-spaces and .# = (F,id) is the constant spec-
trum we apply 5.3.2 to get a spectrum ¥ = (G, 0l,) of LS-spaces such that
(after renumbering the spaces E,,) we have commutative diagrams with exact
rows
i
0—F—>G-Lp—so

o ol

dn

00— F %G, —>E,—0

Considering the dual of the second row (which is exact since the spaces in-
volved are (LS)) and using Ext'(F’, E!) = 0 we see that the second row
splits. If 7, is a projection G,, — F' we obtain a projection m, o 7" from G
onto F', hence the first row splits, too. O

We will now present one of the main results of Domanski and Vogt from
[24]. We first give a slightly improved version of [24, lemma 6]. A (PLS)-space
X is called strict if there is a spectrum 2 = (X, o}},) of (LS)-spaces with
Proj 2" = X and

VneNdIm>nVk>m o, (Xn) = o0p(Xk).

Applying theorem 3.2.5 to the discrete topologies yields that we then even
have ol (X,,) C 0" (Proj Z7).

Lemma 5.3.4 Let 0 — X -~ Y -2 Z — 0 be a short ezact sequence of
(PLS)-spaces such that X is strict. Let % = (Yy,00) and & = (Zp, 1)) be

ny¥m

strongly reduced spectra of (LS)-spaces representing Y and Z. Then
YVneN3ImeNVBeHB(Z)IDeBY)

Bnker(t™) C q (D Nker(c™)).
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Proof. We first note that the required property is independent under passing
to equivalent spectra. Using lemma 5.3.2 we get commutative diagrams

{ q

0— X —Y —7—0

QTL l O.TL l T’IL l

00— X, 2oy, I,z L.

Since a quotient map between (LS)-spaces lifts bounded sets, theorems
3.3.11 and 3.3.14 imply that g lifts bounded sets. Given n € N we choose m > n
with o' (X)) C 0™(X). If now B is bounded in Z we take K € A(Y) with
B C q(K). Then L := (iy,) (0™ (K)) is bounded in X,, and using that (for
every index set I) the spectrum consisting of the spaces £2°(X,,) is also strict
we find a bounded set M C X with o7 (L) C o"(M). Given z € B Nker(7™)
we choose y € K with z = ¢(y). Then g,,(6™(y)) = 7™(z) = 0, hence there is
T € L with i, (2,) = 0™ (y). If x € M satisfies o, () = 0" (x) we obtain

qly—i(z) =z y—i(x) e D:=K —i(M) € B(Y)

and 0" (y — i(2)) = o7 (0™ () — im(x)) = 0.

m

O

We will use below that the lemma is equivalent to the existence of a non-
decreasing sequence (N, )m>m, tending to infinity such that

Ym >mgy, Be #(Z) 3D e BY) Bnker(t™) C q(D Nker(c"™)).

Theorem 5.3.5 Let F be a (PLS)-space which is isomorphic to a subspace of
2' and to a quotient of 9'. Then F is isomorphic to a complemented subspace

of 9.

Proof. We follow essentially the arguments of [24].

1. There is a strongly reduced spectrum .# = (F,, o') with F,, = s’ and
Proj % = F.

Indeed, there are strongly reduced spectra 2 = (X,,0%) and & =

(Y, ) with X,, isomorphic to subspaces of s, Y,, isomorphic to quotients

of s’ and Proj 2" = Proj% = F. Since X/, is isomorphic to a quotient of s,
corollary 5.2.10 provides a short exact sequence

0—s—s— X, — 0.

Since by 3.3.8 strongly reduced spectra of (LB)-spaces with the same limits
are equivalent, we may assume that 7,7, factorizes as 7,7, = R, o S, with
R, : X, — Y,. Now Ext'(Y/,s) yields that R, : Y] — X/, factorizes
through s which implies that R,, (hence also 7;}, ;) factorizes through s'.

2. We now show that there are a strict (PLS)-space G and an exact
sequence 0 — G — 9" — F — 0.
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Since F is a quotient of 2’ there is a short exact sequence
x) 0—X—92 —F—0.

Let 2" = (Xn,00) be a strongly reduced spectrum such that all X,, are
isomorphic to subspaces of s’ and Proj 2" = X. Since every strongly reduced
spectrum % with Proj % = &’ satisfies Proj!% = 0 and (*) is the limit of
an exact sequence of spectra, we obtain Proj! %2 = 0. By theorem 3.2.9 there
are Banach discs B,, C X,, such that (after omitting some of the steps X,,)

Oni1(Xns1) C 0p(Xk) + By, for every k> n + 1.

X, is a quotient of @ s’, because X! is a subspace on s" by the Komura—
meN
Komura theorem. Since quotient maps between (LS)-spaces lift bounded sets

M
and each bounded set in @ s’ is contained in a finite sum €@ s’ = &', there
neN m=1
are continuous linear maps T, : s — X,, with B,, C T,,(s).
Now we set G, = X, x (s')" and define vy, | : Gpy1 — Gy by

(‘T7y17 . uy’n) — (QZ«I»I(:E) +T’ﬂ(y1)7y2ﬂ e 7y’ﬂ)

Setting 77 = 47, ;...09% ! we obtain a spectrum ¥ = (G,,~%) of (LS)-
spaces, and it is easily seen that v, | (Gny1) € v io(Gryr) holds. If f, -
X, — @G, is the canonical embedding and g, : G,, — (s')" is the canonical
projection we obtain an exact sequence of projective spectra and the limit is
the exact sequence

0—X —G— 92 —0,

where G = Proj ¥ is a strict (PLS)-space. Applying the push out construction
we get a (PLS)-space Y and a commutative diagram

0 0
P =9
0 e Y F 0
|
0 X 7' F 0
0 0

The second column splits by theorem 5.3.3, hence Y = 2’ x 2’ = 9’ and the
upper row gives the desired exact sequence
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0—G—92 — F—0.

3. Let now .Z = (Fp, oJ},) be a spectrum as constructed in 1. Since F' is a
strict (PLS)-space (as a quotients of ') Proj1.# = 0 holds and the canonical
sequence

0—F -5 [ F-5 ] F,—0
neN neN
is topologically exact. We now apply (the equivalent formulation of) lemma
5.3.4 to obtain mg € N and a non-decreasing sequence (nm,)m>m, tending to

infinity such that for every m > mq every bounded set of [] {0} x [] F} is
l<m I>m
contained in the W-image of a bounded subset of

H {O}X H Fl =: Anm~

I<ng, I>nm

Let jm : Fr — [] F be the canonical inclusion and
IEN

Hnm = Anm N w_l(Jm(Fm»

Denoting the kernel of ¢ by FI™ (as in [24]) we obtain for m > mg exact

sequences

i>Fm—>0.

0— Flmml 25 1,

MNm

Let 0 — G - 2 -4 F — 0 be an exact sequence as constructed in 2.
Again lemma 5.3.4 gives my > mg and a non-decreasing sequence (P, )m>m,
such that every bounded set in F["m] is contained in the g-image of a bounded

subset of
IT {0} x II & =:B,,,.
I<pm 1>pm

The continuity of ¢ implies that there are ms > m; and another non-
decreasing sequence (7, )m>m, tending to infinity with r,, < n,, and such
that ¢(B,,,) C FI'l.

4. Now, we are going to construct an operator R, : F,, — A, C [[ £

lEN

satisfying ¥ o R, = jm, for m > ma.

Since F) = s is a reduced projective limit of spaces isomorphic to ¢g the
dual of the canonical resolution for F/ is a topologically exact sequence

0—PX-LPX = F,=ind, X, — 0,
leN IEN
where X,, = 01, X, C Xyp1, d((x1)1en) = (21 — 21-1)1en, 2o = 0, and
w((x)ien) = > 2y (more information about this representation of inductive
leN

limits in contained in chapter 6).
The unit vectors of X; = /; are contained in the ¥-image of a bounded
subset of H,,  , hence there are operators r; : X; — H,,  with ¥ or = idx,
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which implies ¥ o (7, — r;41]x,) = 0. Therefore, there are u; : X; — Fmm]

with 4 0u; = r; — r;41]x,. The images under w; of the unit vectors in X; & ¢4

are again contained in the g-image of a bounded subset of B,  which yields

operators u; : X; — B,,,, with g o @ = w;. Defining u((z1)ien) == > w(z;)
leN

we obtain

B

Pm

u

0— PX, — PX,— F ——0
leN leN

and because of B, = 2' and Ext; (F,2') = 0 there is an extension ¥ :
@D X — B, ,ie vod=1.
leN
For z = (x;)ien € @ X; we have v(z) = 3 vi(x;) with v, : X; — B,
leN leN

m )

and from

> () =vod((@)ien) =Y (@ — Tigalx,) (x)

1N leN
we deduce @, = vy — Upy1|x;. This yields go v — 1 = (¢ 0 Uj41 — 1141) | x5 1€
R, (x)=(ry—ioqov)(x) forxz € X; C F,

defines an operator R,, : F},, — H, , with ¥ o R, = j,,.
5. Finally, we choose Ry : [ Fi x ][] {0} — [ F; with ¥ o Ry = id
leN

l<mso 1>ma
and obtain a right inverse

R((Ym)men) = Ro (415 Yms—1,0,-.)) + Y Ron(ym)

m=msy

of ¥, which converges since R,, has valuesin [] {0} x [] F; and ry, tends
I<rm >rm
to infinity.
We have shown that the canonical resolution

0—F—[[F-L [[F,—0
leN leN

splits, hence F is isomorphic to a complemented subspace of [[ F; 2 2'. O
leN

Corollary 5.3.6 Let E and F be (PLS)-spaces.

1. If E is isomorphic to a bornological subspace of &' then there exists an
exact sequence
0—FE—9 — 92 —0.
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2. If F is isomorphic to a quotient of 2’ then there exists an exact sequence
0—9 — 9" —F—0.

Proof. Let G be a (PLN)-space, i.e. a projective limit of (LS)-spaces G,
which have even nuclear linking maps. Then there are a subspace G of 2’ and

an exact sequence _
0—9 —G—G—0.

Indeed, as we have seen in the proof of corollary 5.2.10, G/, is a quotient of
a subspace of s, hence G,, is a subspace of a quotient H,, of s’. Dualizing the
first part of 5.2.10 gives exact sequences

0—s —s —H,—0
and taking products we obtain an exact sequence

0— 92 — 2% [[ H, — 0.
neN

G is a closed subspace of [ Gn C [] Hn and with G = ¢~*(G) we obtain
neN neN

0—9 —G—G—0.

Now the proof goes exactly as that of 5.2.10. If E is a bornological subspace
of 2’ and & a strongly reduced spectrum of (LN)-spaces with Proj& = E we
apply corollary 3.3.10 to get Proj'& = 0 and this yields that G := 2'/E is
a projective limit of (LN)-spaces. The pull back construction gives a (PLS)-
space H and the following diagram with exact rows and columns

0 0

b

0—92 —~G— 9'/E—0

Tt

0—9 —+H—92 —0

-
-

The second row splits by 5.3.3, thus H & 9’ x 9’ = 9’ and therefore, G
is isomorphic to a quotient of &', hence to a complemented subspace of 2.
Taking the product of the first row (column) with

0—2 L9 —0—0 (O—>0—>@'i>@/—>0)
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and using the Pelczyniski decomposition method as in 5.2.10 (with (2')N = 9
instead of s(s)) we find exact sequences

0—9 —9 —2/E—0and0 —E — 9" — 9" — 0.

O

The proof of the analogon of corollary 5.2.9 in the category of (PLS)-
spaces is based on the following construction of a “skew pull back” which can
be carried out in any quasi-abelian category. As in the case of (PLS)-spaces,
we write Ext*(E, F) = 0 if the equivalent conditions of proposition 5.1.3 hold.

Proposition 5.3.7 Let in a quasi-abelian category
I Q
0—F—X—F—0

be an ezxact sequence and p : G — F such that there is a commutative diagram
with exact rows and column

0
J
O F > F1 F2 0
Ip Ipl b2
0 G Gy G 0
Hy
0

If Ext'(E, F1) = 0 and Ext*(E, Hy) = 0, then there exists a commutative
diagram with exact rows

I~X Q

- F
G—+v-L.E 0

0

Proof. The proof can be visualized in the following diagram where we first
ignore Y and the dotted arrows. The remaining part is given by the assump-
tions, and we will construct S1,Ss2,Y, 11,75, and finally R.
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I Q

0 - F - X - E - 0
o/ 1 s s
Jaa o Jo 0
p p P1 E D2
0 SRS cy Lo - E 0
zb/ Ty 15
- G L N e - 0

Because of Ext'(E, Fy) = 0 there is an extension S; : X — Fy of j :
F — Fj, and there is a unique Sy : E — F5 with Sy 0 Q) = f 0 S7 since
foSiol = foj=0.The exactness of

0— Hy — Gy — I, — 0

together with Ext'(FE, Hy) imply that Sy : E — F) has a lifting Ty : F —
Go, i.e. py o To = Ss. Using the pull back construction we obtain an exact
sequence

0—G-yYy-LE—0

and T7 : Y — G such that the lower plane of the diagram commutes. We will
finally construct R :Y — X such that the whole diagram is commutative.
Let the following diagram be the pull-back of ¢ : Y — F.

I

0 rl.x 9. g 0
I

0 F-2,z ",y 0

Then fo(Syor—pioTion) = SeoQor—pyoThoqom = Se0Qor—Ssoqom = 0,
hence there is a unique ¥ : Z — F with jot¢ = 51 0r —p; oT; om. We define
o=r—1Toy:7Z — X and obtain

(1) Qop=Qor=qgom and (2) Sjor—joy=poTjonm.
We have ¢ o ¢ = id because j is a monomorphism and
jopop=Sorop—pioliorop=50l=j=joid.

We obtain pogp = rop—1I = 0 and thus, thereis R : Y — X with Rom = p.
Since 7 is an epimorphism we obtain Q o R = g and S; 0 R = p; o T3 from (1)
and (2).
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It remains to show [ op = Roi. Since Qo Roi = goi = 0 there
is a unique p : G — F with I op = R o4. On the other hand we have
jop=Siolop=SioRoi=p;oTi0i=p;oh=jop and this implies
p =p as j is a monomorphism. O

The preceding result has a dual version about the existence of a “skew
push out”. One can either mimic the proof above or consider the opposite
category £ °P which has the same objects and reversed arrows. The pull back
(push out) in % is then a push out (pull back) in K°? and Ext’, (E, F) =0
is equivalent to Ext})gup (F,E) = 0. Since we do not need this skew push out
we refrain from stating the result explicitely.

Combining 5.3.6 and 5.3.7 we obtain the main theorem of this section
which appears in [71] and improves a result of Domanski and Vogt [25] who
showed Ext}, (E,2') = 0 and Ext},(2', F) = 0 for a subspace E of 2’ and
a quotient F' of 2.

Theorem 5.3.8 Let E and F be (PLS)-spaces such that E is isomorphic to a
subspace of ' and F is isomorphic to a quotient of 9'. Then Extl, (F, F) =
0.

Proof. Let 0 — F' — X — E — 0 be an exact sequence of (PLS)-
spaces and
0—9 — 9L F—0

be an exact sequence obtained in corollary 5.3.6. Using lemma 5.3.2 we find
strongly reduced spectra &/ = (A,,7"), B = (Bpn,0l,), and .7 = (F,, o)
of (LS)-spaces such that Projo/ = 2', A, &£ s, Proj# = ', Proj % = F,
each F,, is a quotient of s’, and we have the following commutative diagram
with exact rows

0 -9 -9 - F -0
e
0—— A4, — B, — F, — 0

If f=Wg:][]F. — [[F.,and g =%y : [] Bn — [] Bn are the
n n neN neN
canonical maps (which are surjective since Proj1.# = 0 and Proj!'% = 0) we

obtain the following diagram with exact rows and column
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0

N

0 ——F — [[F, = [[F, —0
neN neN

! !

0— 2 — [[B. % [IB, — 0
neN neN

T

[ An

neN

!

0

From 5.3.3 we deduce Ext}, (E, [] F,) = 0and Ext}, (FE, [] A,) =0, hence
neN neN
we can apply proposition 5.3.7 to find a skew pull back diagram

0 F X E 0
b
0 74 Y E 0
The second row spits again by 5.3.3 hence also the first row splits. O

The theorem above is rather abstract, intrinsic characterizations of sub-
spaces and quotients of 2’ can be found in [25, 24]. However, from 5.3.8 one
can easily deduce the splitting result [24, theorem 1] for distributional com-
plexes: if

0—F——F -5 SE e

is an exact complex of (PLS)-spaces with F,, & 2’ for all n € Ny, then
for every n > 1 the operator T, : F,, — im(7},) has a right inverse. Indeed,
im(7,,) = ker(T},+1) is isomorphic to a subspace of 2’ and ker(7},) = im(T},—1)
is isomorphic to a quotient of %', hence theorem 5.3.8 implies that

0 — ker(T,,) — F,, — im(T,) — 0

splits. The same reasoning gives a right inverse of Ty : Fo — im(Tp) if F is
isomorphic to a quotient of 2’. Here is would be enough to require that F
is isomorphic to a subspace of 2’. For more information and applications we
refer to [24].
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Inductive spectra of locally convex spaces

Inductive limits have been treated extensively in the literature, and the aim
of this chapter is not to consider all the different aspects of this theory, the
interested reader is referred e.g. to the introductory text [5] of Bierstedt, to
the article [27] of Floret, and the book of Bonet and Pérez-Carreras [51], in
particular to chapter 8. We will prove some results about (LF)-spaces relating
acyclicity — which reflects properties of the dual projective spectrum — to regu-
larity conditions and completeness and will then concentrate on two questions
of Palamodov about inductive limits of general locally convex spaces.

The homological character of the inductive limit functor is very different
from that of the projective limit functor. For instance, it is exact as a functor
acting on inductive spectra of vector spaces. As a functor on inductive spec-
tra of locally convex spaces it transforms short exact sequences into acyclic
sequences but monohomomorphisms are in general not transformed into ho-
momorphisms. To measure this lack of exactness Palamodov constructed the
first satellite of a contravariant functor associated with ind which plays a
similar role as derived functors do. We will not repeat this construction here
because our contribution to the unsolved problems [50, §12.3 and 4] can be
understood easily without it.

We confine ourselves to countable and injective inductive spectra. Thus,
by an inductive spectrum (X,,),eny we always mean a sequence X, of locally
convex spaces with X,, C X,,4+1 and continuous inclusion maps. The inductive
limit is then X = ind X, = |J,,cy X endowed with the finest locally convex
topology such that all inclusions X,, < X are continuous. An absolutely
convex set is a neighbourhood of 0 in the inductive limit if and only if its
intersection with each “step” X, belongs to %(X,). A basis of %(X) is
thus given by

U D U :Un € %(X0)

meNn<m

J. Wengenroth: LNM 1810, pp. 109-118, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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Given an inductive spectrum (X, ), there is a canonical algebraically exact
sequence
0—Px. -Px. X —0
neN neN
where d((zn)nen) = (T — Tn—1)nen, o = 0, and o((zn)nen) = ZN T
ne

d and o are continuous, and o is also open. The spectrum is called (weakly)
acyclic if d is (weakly) open onto its range.

This definition is related to the question whether a subspace L of an induc-
tive limit ind X, is topologically the inductive limit of the spaces L,, = XNL,
(in this case L is called a limit subspace) or if it has at least the same topo-
logical dual as the inductive limit (then L is called well-located). Using either
the duality explained below or a diagram chase on gets:

A subspace L of the limit X = ind X,, of a (weakly) acyclic inductive
spectrum is (well-located) a limit subspace if and only if the spectrum
(Xn/Ln)nen is (weakly) acyclic.

An easy calculation shows that the transposed of d is

US| X':’L — 11 X;m (fn)nen — (fn — QZ+1(fn+1))n6N
neN neN

where o7, : X, — X is the restriction (i.e. the transposed of the in-
clusion). Thus, there is a close connection between (weakly) acyclic induc-
tive spectra and the derived projective limit functor. In particular, an induc-
tive spectrum (X, )nen is weakly acyclic if and only if Proj'# = 0 where
% = (X],0o") with the restrictions as spectral maps. Thus, the results of
chapter 3 have immediate counterparts for weakly acyclic spectra which we
do not state explicitely.

There is also a direct relation between acyclic inductive spectra and prop-
erties of projective limits. Using theorem 2.2.2 we obtain that (X,)nen is
acyclic if and only if for every set I we have Proj!(L(X,,(%),R%) = 0
where Ry, |(T) = T o o, ;. The spaces L(X,,{?°) are covered by the sys-
tem {(U°)! : U € %(X,)} (here, we identify T € L(X,,¢5°) with a family
(T})icr) and using theorem 3.2.14 and the remark following its proof we ob-
tain a general sufficient condition for acyclicity (a direct proof of this can be
obtained as in [69]).

Theorem 6.1 An inductive spectrum (X, )nen is acyclic if it satisfies
VneNdm>nVk>m HUE%()(X”) VVE%O(Xm) HWE%o(Xk)
WnUCvVvV

The condition of this theorem means that the topologies of X, and Xj
coincide on some 0-neighbourhood of X,,. To see this one only needs that two
locally convex topologies coincide on an absolutely convex set if they induce
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the same 0-neighbourhood filter. Note that the topologies then also induce
the same uniformity.
The next proposition is obtained from the definition just by rephrasing
the openness in terms of 0-neighbourhoods. We use expressions like > Vj as
keN

m
an abbreviation for |J > Vi.
meN k=1

Proposition 6.2 An inductive spectrum (X, )nen 18 acyclic if and only if

v (Un)nEN € H %O(Xn) = (Vn>n€N S H %O(Xn) VneN
neN neN

ZVkﬂZngUn.

k<n k>n

A first consequence of this result is that the limit of an acyclic spectrum
is separated [50, proposition 7.1]. If the spaces X,, are complete, this can be
deduced directly from the definition since then X is a quotient of of the direct
sum by a complete hence closed subspace.

Proposition 6.3 The limit of an acyclic inductive spectrum of separated lo-
cally convex spaces is again separated.

Proof. For 0 # z € ind X,, there are U,, € %(X,,) with z ¢ U,,. We choose
Vi € % (Xy) with Y- VN Y. Vi, € LU, for all n € N. The sequence n Y Vj,

k<n k>n k<n
covers ind X,,, hence, x € n Y Vj, for some n € N and thus 2 does not belong
k<n
to Y. Vi which is a 0-neighbourhood in ind X,,. O

k>n

We will now concentrate on (LF)-spaces, i.e. inductive limits of Fréchet
spaces. Let us first note that two inductive spectra of Fréchet spaces (X, )nen
and (Y )nen with the same inductive limit are equivalent, i.e. there are se-
quences m(n) and k(n) such that X, C Y,y € Xj(n) with continuous in-
clusions. This is a special case of Grothendieck’s factorization theorem. The
spectra formed by the spaces L(X,,¢3°) and L(Y,,¢3°) are then equivalent
projective spectra and we obtain that (X, )nen is acyclic if and only if (V},)nen
is acyclic. This justifies to call the inductive limit acyclic if some defining spec-
trum is acyclic.

A regularity condition of an inductive limit X = ind X,, is a requirement
that each subset of the inductive limit of a certain class %1 (X) should be
contained in some step X, and belong to another class %»(X,,) (one might
speak of (1, 6>)-regularity). (£, %#)-regularity is then the classical regularity
defined by Makarov [43].

An inductive spectrum is called sequentially retractive [26] if it is (¢, ¢o)-
regular and compactly reactive if it is (£, #')-regular. It is called boundedly
stable if on each set which is bounded in some X,, all but finitely many of
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the step topologies coincide. Finally, it is called boundedly retractive if it is
regular and on each bounded set the inductive limit topology coincides with
some step topology. We have the following theorem from [69]. The equivalence
of the first two conditions is due to Palamodov [50, theorems 6.1 and 6.2] and
Retakh [54] who called the second condition (M). The equivalence of 5. and 6.
was proved with completely different methods by B. Cascales and J. Orihuela
[20]. The inequalities in condition 7. are dual to condition (P3) defined in
3.2.17 and appeared already in 3.3.7.

Theorem 6.4 For an (LF)-space (X, ) = ind (X,,, ;) the following con-
ditions are equivalent.

1. X is acyclic.

2. There are absolutely convex U, € 2%(X,,) with U, C U,y1 and for each
n € N exists m > n such that  and Z,, coincide on U,,.
VneNIm>nVk>m AU € U(X,) I and Iy, coincide on U.
X is boundedly retractive.

X is compactly retractive.

X s sequentially retractive.

X is boundedly stable and satisfies the following condition (Py):

NS G to

VneNdIm>nvVk>m3IdINeNVMeNIKeN, >0

Ve e Xn  [[@llmar < S ([l

ki + [|Z]lnN)

where (|| - |ln,N)NeN s @ fundamental sequence of seminorms for X,.

Proof. The equivalence of the first three conditions follows from the relation
to the Proj-functor explained above, theorem 3.2.14 and corollary 3.3.15. 2.
implies 4. since X is regular which is proved in 6.5 below. It is simple to deduce
5. from 4. and 6. from 5. Let us assume that X is sequentially retractive and
that 3. fails for some n € N. Then there are k(m) > m such that 7, and
T(m) do not coincide on any 0-neighbourhood U of X,. Choosing a decreasing
basis (Up)men of % (X,) and using the metrizability of X, and Xj,) we
find sequences (z7")jen in Uy, converging to 0 in Xy, (hence also in X)
which do not converge to 0 in X,,. We order (xjm)m)jeN in any way to a
single-indexed sequence (y;);en and obtain (y;)ien € co(X). Indeed, given
U € %(X) there is mg € N with U, C U for all m > myq (since (U, )men is
a decreasing basis) and we find jo € N such that x;" € U for 1 <m < mg and
j > jo. Hence all but finitely many y; belong to U. Since X is sequentially
retractive (y;);en converges to 0 in some X, and then also the subsequence
(z")jen tends to 0 in X, contradicting the choice of z".

3. easily implies 7. and it remains to prove the converse implication. Let
us first show that bounded stability yields that Vm e N 3 p>m Vk >p
the topologies .7, and .7 coincide on every bounded subset of X,,.

Otherwise there would be B, € #(X,,) and k(p) > p such that .7, and
T(p) do not coincide on B, hence neither on ¢, B, for all €, > 0 contradicting
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the bounded stability if €, are chosen such that B = J
in X, (which is easily done using the metrizability).
Let now n < m < k as in 7. The inequalities for the seminorms imply
that every subset of U = {z € X,, : ||z|ln,y < 1} which is bounded in X}, is
also bounded in X,,,. If p > m is chosen as above and k > p then ﬂp and 7,
coincide on U since every sequence in U which converges in X} is bounded
in X,, hence it converges to the same limit in X, as .7, and .7, coincide on
bounded subsets of X,,. O

p>m EpBp is bounded

The next corollary is again due to Palamodov [50, corollaries 7.1 and 7.2].
Corollary 6.5 Acyclic (LF)-spaces are complete and regular.

Proof. We will use a sequence U,, of 0-neighbourhoods as in 2. of the preceding
theorem. Since J and 7, induce the same uniformity on U,, and (X,,, Z,)
is complete we get that the closure of U, in the completion X is contained

. . - . ==X
in X,,. It remains to show that every x € X is contained in nU,, for some

n € N. Assuming the contrary we find V,, € % (X) with z & nU, JrQVf. The
set W = (,,en(Un + Vi) is a O-neighbourhood in X since W N X, contains
Vin---NV,_1NU, € U (X,,) (here we used U,, C Uy,4+1). Hence thereisy € X

with z —y € WX Since X = Unen nUn we find n € N with y € (n — 1)U,
and obtain the contradiction

ze(n—1Up+W" C(n—1)Up+Tp+ V" Cnl, +2V..

We have shown that X is complete and since X is separated we get the
regularity from Grothendieck’s factorization theorem. O

We can prove regularity also without Grothendieck’s factorization theo-

. . =X =X
rem. Indeed, with the same notation as above we have U, = U," C Up,.
Since X is complete each bounded set is contained in a closed Banach disc

. . —=X . . .
B which is covered by the closed sets nU,, and Baire’s theorem implies that
some of these sets contains interior points (with respect to the Banach space

topology on [B]). This implies B C SU: C SU,, for some S > 0 and hence
the boundedness of B in some X} .

This shows that corollary 6.5 holds for inductive spectra of complete spaces
(without any metrizability assumption) whenever the equivalent conditions 2.
and 3. of 6.4 are satisfied.

Palamodov asked in [50, §12.3 and 4] whether corollary 6.5 is true for all
acyclic spectra of complete locally convex spaces. We will provide a positive
result below under a rather weak additional assumption. But let us first make
some more remarks about (LF)-spaces and condition (Pg). The most obvi-
ous case of boundedly stable (LF)-spaces is that of limits of Fréchet-Montel
spaces (since on a compact set there is no coarser separated topology). In this
case (Pyg) characterizes acyclicity. We have already shown in 3.3.7 that regular
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(LF)-spaces satisfy (P5) (even in a slightly stronger form where N is indepen-
dent of k), and the proof used only S-regularity, i.e. every bounded set in the
inductive limit which is contained in some step is also bounded in some step.
An inductive limit is a-regular if every bounded set in the inductive limit is
contained in some step. The next result is again taken from [69].

Proposition 6.6 Every a-regular inductive limit satisfies (P5).

Proof. Let us first show that for each n € N there are U € %(X,,) and
m > n with UX C X,n. We assume the contrary and take a decreasing basis
(Um)men of % (X,,). Then there are x,, € Uf,i \ Xn. But (z,,)men converges
to 0 in X (since for each U € %4(X) all but finitely many U,, are contained

in U) which contradicts the a-regularity.
We now prove that every subset B of U which is bounded in some X}, is also

bounded in X,,. Indeed, D = ka is a Banach disc which is contained in
X, such that the inclusion [D] < X, has closed graph, hence it is continuous
which implies that D is bounded in X,,. Finally, this implies (P§) as the proof
of 3.3.7 shows. O

We obtain that for spectra of Fréchet-Montel spaces every reasonable reg-
ularity condition is already equivalent to acyclicity. We state only few of the
numerous characterizations.

Corollary 6.7 Let X = ind X,, be an inductive limit of Fréchet-Montel
spaces. Then the conditions 1.-7. of theorem 6.4 are equivalent to each of
the following:

8. X is a-regular.

9. X is B-regular.

10. X 1is regular.

11. X is complete and Hausdorff.

The rest of this chapter is devoted to Palamodov’s question whether corol-
lary 6.5 is true for acyclic inductive spectra of complete locally convex spaces.
We first provide a description of the completion of an acyclic inductive limit
which enables us to derive positive solutions under a very weak additional
assumption.

In the proofs below we will freely use the fact that for a separated locally
convex space X, U € %(X), A C X absolutely convex, and € > 0 we have

AT c+eAnT.

Indeed, since 7" isa 0-neighbourhood in X we have for each V € @/0()?)



6 Inductive spectra of locally convex spaces 115
X =X € (=X —X
07 e (a1 5 (7 v)) o

C (Am(1+§)ﬁ)~(>+v
C(1+e)(ANU)+V.

Proposition 6.8 Let (X,)nen be an acyclic inductive spectrum of separated
spaces and X = ind X,,. We endow

Zy = ﬂ{[Uﬁ Ue %(Xn)}

with the locally convex topology having {Z, N T .U e U (X))} as a basis
of U (Zy). Then (Zyn)nen is an acyclic and regular inductive spectrum of
complete spaces such that X = ind Z,, holds topologically.

Proof. It is easily seen that the limit in X of a Cauchy net in Z,, belongs to
Zyp and is the limit in Z,, of the net, hence the spaces Z,, are complete, and
we obviously have Z,, C 7,11 C X with continuous inclusions.

We first show that every bounded set B C X is contained and bounded in
some Z,. Assuming the contrary we find (Uyn)nen € [],,cny %0(Xn) such that

B is not absorbed by any T,~. We choose (Va)n € lnen %(Xn) according
—X
to proposition 6.2. Then thereisn € Nwith B Cn Y V; . Indeed, otherwise

k<n
there would be z,, € 1 B and W, € Uy(X) with z,, ¢ S Vi, + W,

k<n
W= Vi+W,

neNk<n

is a O-neighbourhood in X since WX C 2W and W N X,, contains the 0-
neighbourhood W7 N ... N W, NV, and the boundedness of B implies that
there is n € N such that z,, € %B CWC > Vi+W,.
k<n
If B be contained in ny, Vi we choose S > n with B C S > V4
k<n k>n
(which is possible since the latter set is a 0-neighbourhood in X). Then

BCS ZVkaZVkX CE+D[ D VEnd Vi C(S+ 1T,

k<n k>n k<n k>n

which contradicts the choice of Uy,.
What we have shown implies that X = ind Z,, holds algebraically and that
(Zn)nen is regular. The acyclicity of that spectrum follows from
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Z(Vk&mzk)mz:(ﬁf(mzk) C Z,N ZVkXﬁZVkX

k<n k>n k<n k>n

gznmzzvkmzjvkx.

k<n k>n

We finally have to show that the identity map ind Z,, — X (which is clearly
continuous) is open. Given U € %(ind Z,,) there are U, € %(X,) with

Y U™ N Z, € U. We choose (Vy)nen € [1,en % (Xn) with V,, € LU, and
neN

—_ X
SSVen > Vi C mUn and claim that V := " Vi is contained in U.
k<n k>n keN

—— X
Given z € V thereisn € Nwithz € 2> Vi because otherwise there would
k<n

beWnEQZ/O()?) withz ¢ 2 > Vi + W, and since W= (] > Vp+W,isa
k<n neNk<n

0-neighbourhood in X this contradicts

= U ka+Wg UzZVk+Wn.

neNk<n neN  k<n

We know already X = U Z., hence we may enlarge n such that = € Z,, and

neN
rTeEN Y, WX. With W= " VkX € % (X) we obtain
k<n k>n
X X _x
T € 22:‘4; ﬁTLE:‘@ - QEZ:V%AFVV ﬂTLE:‘@
k<n k<n k<n k<n

c2> Vit Wm(n+2)ZV,f‘

k<n k<n
X
QZZVk+(n+3) ZVkﬂZVk
k<n k<n k>n
1 1% %
- 5 2{:[&;+—5lﬁz - EE:Ch:+'Uﬁ )
k<n k<n
and because of x € Z,, this yields z € Y Uy + (U_nX Nz, CU. O
k<n

Definition 6.9 An inductive spectrum (X, )nen has local closed neighbour-
hoods if YVneNIm>n VU e %(Xy) 3V € %(X,)
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V N X, CU where the closure is taken in the limit ind X,,.

This notion has been introduced by Vogt [65] who showed that weakly
acyclic (LF)-spaces have local closed neighbourhoods. The condition is always
satisfied if there is a separated topological vector space Y such that each X,
is continuously embedded into Y and has a basis of % (X,,) consisting of sets
which are closed in the relative topology induced by Y. In this case, one can
take m = n in definition 6.9. In particular, this remark applies if the steps X,
are projective limits of weighted function or sequence spaces.

Theorem 6.10 Let (X,,)nen be an acyclic inductive spectrum with local
closed meighbourhoods. If all steps are complete and separated then (Xp)nen
is reqular and ind X,, is complete.

Proof. Let B be a bounded set in X. We show that B is contained and
bounded in some X,,. Because of proposition 6.8 there is ng € N such that
B is a bounded subset of Z,,. We claim that there is n > ng such that

(x +UX) NX, #0forallz € Band U € %(X,). Assuming the contrary we
find (Up)nen € [1,en Z(Xn) and (2,)nen € BY with (mn + Uf) NnXx, =0.

6.2 gives (Vi)nen € [[heny %0(Xn) with 30 Vi 37 Vi C ﬁUn. As we
k<n k>n

—_ X
have seen in the proof of 6.8 there is n € N with B C n ). Vi . Hence we
k<n

can find y, €n > Vi with z,, —y, e W= > VkX. This implies

k<n k>n
X S
Tn—yn€20Y Vi NWC(2n+1)> Vin) Vi CT,
k<n k<n k>n

and thus y, =z, — (T, — Yn) € (Tn + Uf) N X,, a contradiction.
For each x € B we have a filter basis

7o (o7 v i)

in X,, and the filter generated by %, in X clearly converges to x. We choose
m > n according to the definition of local closed neighbourhoods. Then %,
is the basis of a Cauchy filter in X,,,. Indeed, given V € % (X,,) we choose

U € %(X,) with T N X, C 1V and obtain
(x+UX> NnX,— (x+UX> NX,C2U  NX,=20" NX,CV.

Now the completeness of X,,, implies that %, converges to some y(x) in X,,.
Because of proposition 6.3, X is separated which implies z = y(z) € X,,. Let
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us finally show that B is bounded in X,,. Given V' € %,(X,,) we choose again
U € %(X,) with U N X, C V. Since B is bounded in Z,,, C Z, there is
S >0 with B C STUX. For every x € B this implies

<x+UX)ang(S+1)UXan:(S+1)UXang(S+1)V,

hence %, has a basis in (S + 1)V, and since .%, converges to z in X, this
——5Xm
yields z € (S+ 1)V " C (S +2)V for every = € B. O

One can easily show that under the assumption of theorem 6.10 the spec-
trum is even boundedly retractive and hence also compactly and sequentially
retractive.

We finish this chapter with a “quantitative” sufficient condition for local
closed neighbourhoods.

Proposition 6.11 If an inductive spectrum (X, )nen satisfies
VneNIm>nVU€e€ %Xy IV eU(X,) Ye>0

AW € %(X) WAV CeU

(i.e. each continuous seminorm on X,, induces on some neighbourhood of X,,
a topology which is coarser than the limit topology) then (X,)nen has local
closed neighbourhoods.

Proof. Given U € 7(X,,) we choose V € % (X,,) as in the proposition with
V CiU. For z € I N X, there are S > 0 with z € SV and W € 24(X)
with W NV C eU where € = m Then
s eSVATV CSVN(V+W)CV+(WN(S+1)V)

1
gV+(S—|—1)(WﬂV)gV+§U§U.
O

Any inductive spectrum which satisfies the assumption of theorem 6.1 also
satisfies the condition of the proposition above, hence it has has local closed
neighbourhoods. Since for inductive spectra of metrizable spaces the condition
in 6.1 is even a characterization of acyclicity, theorem 6.10 covers corollary
6.5.

There are however acyclic inductive spectra (even of (LB)-spaces) which
do not satisfy the condition of 6.1. Such spectra are constructed by Dierolf,
Frerick and S. Miiller in [48]. Nevertheless, those inductive spectra are cov-
ered by proposition 6.11, and we do not know any acyclic inductive spectrum
without local closed neighbourhoods.
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The duality functor

This final chapter is concerned with the problem when the transposed map
of a homomorphism in the category of locally convex spaces is again a homo-
morphism. Let

0—x-y 970

be an exact sequence in the category of locally convex spaces. The Hahn-
Banach theorem implies that the dual sequence

t t
00—z Ly Lx o
is exact as a sequence of vector spaces, but if all duals are endowed with the
strong topology neither f! nor g® must be a homomorphism. Let D be the
contravariant functor assigning to a locally convex space X its strong dual
X ['3 and to f : X — Y the transposed map. Then an exact complex

0 —X —Y —272—0
is transformed into an acyclic complex
0— D(Z)— DY) — D(X)—0

To measure the exactness of this complex Palamodov used the functors H),
introduced in section 2.2. For any non-empty set M we define the covariant
functor Dy; = HpyoD from LCS to the category of vector spaces. Explicitely,
to a locally convex space X we assign Dp(X) = Hom(X[’,,E‘f\‘}), and for a
morphism f : X — Y the linear map

f* = DM(f) : HOHl(Xé7 j\“/}) — Hom(Yé,Eﬁ)

is defined by T +— T o f*. From theorem 2.2.2 we deduce that for an exact
sequence

0—Xx-y 970

J. Wengenroth: LNM 1810, pp. 119-127, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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the dual sequence
0— X Sy L x —o0

is left exact at Y’ (i.e. ¢' is open onto its range) or right exact at Y’ (i.e. f*
is open) respectively if and only if for every set M # () the complex

0 — Du(X) L5 Dy(V) 25 Das(2) — 0

is exact at Dy (Z) or exact at Dps(Y), respectively. (We note that the complex
is always exact at Dy (X), i.e. Djs is a semi-injective functor.) The exactness
at Dy(Z) and Dy (Y) are measured by D3}, (X) and D}, (X), respectively.
Let us recall the definitions of D}, and D7,. If

0— X I 22
is any injective resolution of X we have
D7,(X) = ker Dy(ip)/im Dy (i) and

D};(X) = ker Dy (i1)/ im Dy (4o).

From this and theorem 2.2.2 we deduce D}, (X) = 0 for every set M iff
it : I, — X' is open, and D}, (X) = 0 for every set M if if, : I{ — I}, is open
onto its range. We note that ig factorizes as i = joq where ¢ : Iy — Ip/im X
is the quotient map and j : Iy/im X — I; is a topological embedding. As we
have remarked in section 2.1, D3, (In/im X) = 0 holds for every set M # ()
and from what we have said above we obtain that j¢ is open. Therefore,
it, = ¢' 05" is open onto its range if and only if ¢’ is open onto its range (hence
a monohomomorphism). This leads to the following characterization.

Theorem 7.1 Let X be a locally convex space.

1. DX}(X) = 0 for every set M # () if and only if for every short exact

sequence 0 — X Ty 2z 0 the transposed f* : Yy — Xj is
open.
2. DY, (X) = 0 for every set M # 0 if and only if for every short evact

sequence 0 — X Ty Lz 0 with DE(Y) =0 for all N # 0 the
transposed g* : Zj, — Y is open onto its range.

Proof. The necessity of Di;(X) = 0 and D},;(X) = 0 follows from the
remarks above if we choose Y as an injective object. Let

0o—x- vy 9z o0

be an exact sequence and j : Y — J a monohomomorphism into an injective
object. We obtain the following commutative diagram
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0 0
JY = J/Y
k Y4
00— X g% yx o0
P
0 x .y 9., 0
0 0
with exact rows and columns. The dual diagram
0 0

|

(J/Y) = (J/Y)

oo
qt Z't
0 — (J/X) J X 0
CR
0wz 9y Sy
0 0

is still commutative and algebraically exact. If now D}, (X) = 0 holds for
all sets M # () then 4* is open. Hence, i'((5*)~"(U)) = f/(U) € %(X}) for
every U € %(Y}) which proves the first part of the theorem. If Dy, (X) =
D, (Y) =0 for all M # ) the remarks preceding the theorem imply that ¢° is
open onto its range and j* is open. For every U € %(Z}) there is V' € %(J})
with V Nim ¢’ C ¢*((h*)~1(U)). Let us show

3'(V)Nimg" € g"(U).

Given v € V and z € Z' with j(v) = ¢'(z) we choose a € (J/X)" with
ht(a) = z. Since j'(¢'(a)) = g'(ht(a)) = j'(v) there is b € (J/Y)" with
kt(b) = v — ¢'(a), thus v = ¢*(c) which implies

j'(w) = 5'(¢'(c)) = g (h(c)) € " (V).
This completes the proof of the second part. O

From now on, we will write DT (X) =0 or D*(X) = 0 as an abbreviation
for D, (X) =0 or D}, (X) for all sets M # 0.
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We do not know whether the extra assumption D*(Y') = 0 in the second
part of the theorem above can be dropped (although this is claimed in [50,
page 44]). Below we will see that this is the case if X is a Fréchet space. But
let us first give a convenient characterization of D (X) = 0 which is again
due to Palamodov [50, theorem 8.1]. We denote by X/ the inductive dual of
X, i.e. X’ endowed with locally convex topology having

F( U EUUO)ZEU>O
UG%(](X)

as a basis of the 0-neighbourhood filter.

Theorem 7.2 A locally conver space X satisfies DV(X) = 0 if and only if
X, =X/
B i

Proof. As we have seen in the proof of 2.2.1, X can be embedded into an
injective object I = [] X, with semi-normed spaces X,, (in fact, all but one
aelJ
—X
of these spaces are some £3; and one space is {0} ). The transposed of the
embedding f = (fo)acs : X — I is

@X(lx - X/, (‘Pa)aEJ — Z‘Poz o fa
acJ acl

from which we obtain that X/ is the quotient space

!/
< I1 Xa) /X~ PX,/XC.
acJ acJ

Therefore, D"‘(X):OiffXé:(];[JXa)'/Xo iff X] = Xj. O

If all bounded sets in the strong dual of a locally convex space X are
equicontinuous (i.e. X is quasi-barrelled) then X/ is the associated bornolog-
ical topology of (X', X). Hence, for a quasi-barrelled space X we have
D*(X) = 0 if and only if X} is bornological, and by a classical result of
Grothendieck [31], for a metrizable space X this happens iff X} is barrelled,
i.e. X is distinguished. Moreover, a theorem of L. Schwartz [56] says that the
strong dual of a complete Schwartz space is always bornological (this result
is also contained e.g. in [45, theorem 24.23]).

The definition of D'(X) involves equicontinuous families in the bidual of
the locally convex space X which may be difficult to handle. Sometimes it is
easier to use the well-known fact that the transposed of a quotient map is a
homomorphism iff ¢ lifts bounded sets with closures, i.e. for every bounded
set A C Z there is a bounded set B C Y with A C ¢(B) (this follows easily

—O

from (¢*)~1(B°) = q(B)° = q(B) ). As we have already noted in section 3.3
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the lifting of bounded sets (without closure) is closely related to the functor
057 assigning to a locally convex space X the vector space

053(X) = {(xi)iem € XM : {z; : i € M} is bounded}

and to a morphism f : X — Y the map fas : £53(X) — £53(Y) defined by
(zi)iem — (f(2:))ien- These covariant functors are easily seen to be injective
and to avoid too many superscripts we denote the derived functors by L%,
n € Ny. Theorem 2.1 gives that a locally convex space X satisfies L}, (X) =0
for a set M iff for every exact sequence

0—X-—Y-L7—0

the sequence
0 — £55(X) — £55(Y) 25 055(2) — 0

is exact which means that ¢ lifts all bounded sets with cardinality less or equal
than that of M.

It is well-known that quasinormability plays an important role for duality.
We will see below that also the “dual” property is helpful in this respect. Let us
recall that a locally convex space satisfies the strict Mackey condition (SMC)
if its topology coincides on every bounded set with the topology induced by
the Minkowski functional of another bounded set.

This condition was introduced by Grothendieck [31], and it is easily seen
that it is stable under countable products and subspaces, in particular, every
metrizable space satisfies (SMC).

Lemma 7.3 Let 0 — X Ty sz 0 be an exact sequence of locally
convez spaces such that q lifts bounded sets with closure and Z is metrizable.
Then
VUeY)IVelUZ)YVAcB(Z) 3B BY)
ANV CgBNU) .
Proof. We assume that the condition fails for some U € %(Y) and take
a decreasing basis (V,,)nen of %(Z). Then there are A,, € HB(Z) such that

A, NV, £ g(BNU) for alln € Nand all B € Z(Y). Theset A= |J (V,N
neN

A,) is bounded in Z and since Z satisfies (SMC) there is D € #(Z) whose

Minkowski functional induces the topology of Z on A. We take B € #A(Y)

with D C g(B) and € > 0 with e B C U. Then thereisn € N with V,,nNA C eD,

hence

A, NV, CANV,CeD Cyg(eB)=g(BNU)=g(BNU),

a contradiction. O

Together with the Schauder lemma this simple result gives the next theo-
rem of Bonet and Dierolf [8].
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Theorem 7.4 Let 0 — X Ty 2z 0 be an exact sequence of
Fréchet spaces. Then g* is open onto its range if and only if g lifts bounded
sets.

Proof. We have to show that gps : €53(Y) — £55(Z) is surjective for every
set M # 0 whenever g lifts bounded sets with closure. If we endow (35(Z)
with the locally convex topology having

{633U) =UMN33(2) 1 U € %(2)}

as a basis of the 0-neighbourhoods (and similarly ¢35(Y")), gas is a continuous
linear map between Fréchet spaces, hence it is surjective if (and only if) it is
almost open. Given U € %,(Y) we choose V' € %) (Z) according to lemma
7.3, then £33 (V) C gam(€33(U)). Indeed, given v = (v;)iem € £33(V) there is
Be BY)withVNn{v:ie M} Cg(BNU). Hence, for every W € % (Z)
there are u; € BN U with v; — g(u;) € W, which gives

v =gum ((wi)ienm) + (vi = g(wi));eps € gur (57 (U)) + €57 (W).

This proves that gps is almost open, hence open by the Schauder lemma, and
therefore gj; is surjective. O

Now, we easily obtain the following result (the equivalence of 1, 2 and 4 is

due to Palamodov [50, theorem 8.2], and the equivalence of conditions 3 and
4 was proved by Merzon [46]).

Theorem 7.5 For a Fréchet space X the following four conditions are equiv-
alent.

1. DY(X) =0.
2. For every exact sequence 0 — X Ty sz 0 of locally convex
t t
spaces the sequence 0 — Zj AN Y EAR Xj — 0 is ezact.

3. For every exact sequence 0 — X — Y 25 Z — 0 of locally convex
spaces g lifts bounded sets.
4. X is quasinormable.

Proof. As we have noted in 2.2 we can embed X into an injective object
I which is a Fréchet space. If ¢ : I — I/X is the quotient map we have
D'(X) = 0 iff ¢* is open onto its range iff ¢ lifts bounded sets with closure iff
q lifts bounded sets iff L};(X) = 0 for all sets M # (). From this we obtain
that the first and third condition are equivalent and that both are equivalent
to the property that for every exact sequence

0—X —Y -4 270
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the transposed ¢’ is a homomorphism. Let now 2~ = (X,,, ¢",) be a reduced
spectrum of Banach spaces with Proj2” = X. Then L},(X) = 0 for every

M # 0 implies that the canonical map Wo : [[ X, — [][ X, lifts bounded
neN neN
sets which yields that X is quasinormable by theorem 3.3.13. Moreover, if X

is quasinormable the spectrum 2~ satisfies the hypothesis of 3.3.14, hence ¥ o
lifts bounded sets and from the exactness of the complex

0 — £57(X) — £37(T1 X») — £57(T] X)) — Ly (X) — 0
neN neN

we deduce L};(X) = 0 for every set M # (). Thus, we have proved the
equivalence of the first and fourth condition. It remains to show that in the
second condition f* is open whenever X is quasinormable. But it is well-known
that quasinormable Fréchet spaces are distinguished (a more general will be
proved in 7.7 below), hence D (X) = 0 which implies that f* is open. O

Motivated by this result, Palamodov [50, §12.5] asked whether D" (X) =0
and D'(X) = 0 hold for every quasinormable locally convex space. The answer
to the second question is (nowadays) easy: if X is any closed subspace of the
space Z of test functions on R which is not a limit subspace (for instance, such
examples are contained in Palamodov’s own article [50]), then X is a Schwartz
space, hence quasinormable, but the quotient map ¢ : 2 — Z/X does not lift
bounded sets with closure (which is the same as the lifting without closure
since the bounded sets in 2 are compact) because otherwise Z/X would be a
regular (LF)-space whose steps are Fréchet-Montel spaces and by corollary 6.7
/X would then be acyclic contradicting the choice of X. Since Zj is clearly
bornological (this follows either from theorem 3.3.4 or Schwartz’s theorem
mentioned after 7.2) theorem 7.1 implies D*(X) # 0.

The answer to the first question is also negative. In fact, in [9] Bonet,
Dierolf, and the author constructed a strict projective spectrum %2 of com-
plete (LB)-spaces (whose projective limit is then quasinormable because of
theorem 3.3.14) such that (Proj2")); is not bornological (it is not even count-
ably quasi-barrelled). Theorem 7.2 implies Dt (Proj2") # 0.

Instead of reproducing this example we would like to give a general suf-
ficient condition for the exactness of dual complexes (this result is also con-
tained in [9]). The following lemma is taken from [45, 26.9 and 10]. One might
call the assumption a “topological lifting of bounded sets.”

Lemma 7.6 Let 0 — X 15V %5 Z — 0 be an ezact sequence of locally
convex spaces such that

VAeB(Z)ABeBY)VUe€U(Y) IV e w(Z)
ANV Cq(BNU).

t t
Then 0 — Zj N Y AR Xj — 0 is again ezact.
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Proof. Taking U = Z it is obvious that the condition of the lemma implies
that ¢ lifts bounded sets which yields that g* is a homomorphism. To show
that f* is open we will first show

x)VCeBY)IDeBX)VU€EUY)IWe(Y)

(C+W)nim f C f(D)+ U.
Indeed, given C € #(Y) we choose B € #(Y) according to A = ¢g(C) and
set D = f~YC + B) € #(X). Given U € %(Y) we choose V € %(Z)
with ANV C g(BNiU) and W € %(Y) with W C iU ng~'(V). For
y € (C+W)nNim f there are ¢ € C,w € W with y = ¢ — w which gives
g(c—w) = g(y) = 0 and thus, g(c) = g(w) € ANV C g(BN 3U). Hence there
is b € BN U with g(c) = g(w) = g(b) which implies

y:(C*b)*(w*b)G(C‘l’B)ﬁkeI‘g‘f*(W‘f*%U)

C(C+B)Nimf+U=f(D)+U.

We now show that f* is open. Given C' € Z(Y) we choose D € ZB(X) as
in (*). For each ¢ € D° C X' there is U € % (Y) with ¢ € f~Y(U)°. If
W € 2,(Y) is chosen according to (*) we obtain

peD°nf YUY c2(D+fYU))°

=2(fH D)+ V)" C2(fHC+W))°.
Thus, if @ : im f — K is the unique functional with @ o f = ¢ its absolute
value its bounded by 2 on (C' 4+ W) Nim f. Since C + W € %4(Y) the Hahn-
Banach theorem gives an extension ¢ € 2(C' + W)° C 2C°, thus ¢ = f'(¢) €
2f!(C°). We have shown $D° C f!(C°), hence f' is open with respect to the
strong topologies. O

Theorem 7.7 Let 0 — X Ty 2z 0 be an exact sequence of
locally convex spaces. If g lifts bounded sets and Z satisfies (SMC) then
q' ft
O—>Z£3—>Yé—>Xé—>0
s again exact in the category of locally convex spaces.

Proof. We check the condition of the previous lemma. Given A € Z(Z) we
choose D € H(Z) whose Minkowski functional induces the topology of Z
on A, and we choose B € #B(Y) with D C ¢(B). For U € %(Y) there are
€€ (0,1) witheBC U and V € %(Z) with ANV C eD. This yields

ANV Cq(eB)=q(eBNU) Cq(BNU).
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Corollary 7.8 Let 2" = (X, olt,) be a projective spectrum of locally complete
(LB)-spaces satisfying the strict Mackey condition such that

VneNIm>nVk>mIBeB(X,) VMe B(X,)

K € B(Xy) on(M) C 0f(K) + B.
Then DF(Proj2") = 0, i.e. (Proj Z)}; is an (LF)-space.

Proof. We consider the canonical sequence

0 — Proj2 —— [ Xn % [] Xn — 0.
neN neN

Theorem 3.3.14 implies that ¥ lifts bounded sets, in particular, Proj'.2" = 0,
and theorem 3.3.3 yields that the sequence above is exact in the category of

locally convex spaces. Theorem 7.7 implies that i : @ X], — (ProjZ")j is
neN

open hence (Proj%)’ﬁ is ultrabornological. Since Proj 2" is barrelled by 3.3.4
theorem 7.2 implies D (Proj2") = 0, i.e. (Proj 27)}; is an (LF)-space. O

We do not know any reasonable condition ensuring D*(Proj2’) = 0 if 2~
does not consist of Fréchet spaces. It is shown in [68] that under the continuum
hypothesis D! (i) is not 0. Thus, none of the standard properties of a locally
convex space X can easily imply D*(X) = 0.
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